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PREFACE 


This book, as its name indicates, is meant to be a 
text-book for the Intermediate students, both Arts and 
Science, of the Indian Universities and various Education 
Boards. Regarding the subject matter, we have tridd to 
make the exposition clear and concise, without going into 
unnecessary details. Varied types of examples have 
been worked out by way of illustrations in each chapter 
and the examples set for exercise have been carefully 
selected and properly graded. 

Important formuUe and results liave been given at 
the beginning of the book for ready reference. Questions 
of the University of Calcutta and some other Universities 
are given at the end, to give the students an idea of the 
standard of the examination. 

It is hoped that the book will meet the requirements 
of those for whom it is intended and we shall deem our 
labour amply rewarded if tlie book is found to be a suitable 
text-book both by the teachers and the students. 

Any criticisms, corrections and suggestions towards 
improvement from teachers and students will be thankfully 
received. 


} 


Calcutta 
June, 1946. 


B. C. D. 
B. N. M. 
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CHAPTER I 
INTRODUCTION 

I’l. Scope and divisions of the subject. 

Mechanics is the science concerning the conditions of 
rest or motion of the objects around us. 

That branch of the subject which deals with bodies 
at rest when acted on by foi*ces, oi* more properly, with 
the relations between Uie forces wliich acting on a body 
keep it at rest, is called Statics. 

Dynamics is that branch of tlie subject which treats 
of the motions of bodies under the action of forces. 

This is again subdivided into two parts : 

The first part called Kinematics or PJioronomy deals 
with the different typos of motion possible for a body, and 
the effects thereof on its position, in fact, the geometry 
of the motion, without enquiring into the causes which 
produce these motions. 

The second part investigates the laws of motion, that 
is, the relations existing between the forces acting on a 
body, and the motions produced thereby, and is known as 
Kinetics or Dynamics proper. 

.1*2. Motion. 

Motion is changel of position. When a body is changing 
its position,* we say that it is in motion. When it is not 
changing its position-it is said* to be at rest. 


*For detailed discussion on this point see Art. 3*1. 
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Now a material body like a book or a stick*, while 
changing its position, may move either as a whole from one 
place to another, or else may turn or rotate near about the 
same position. The general motion of a body* is a combina- 
tion of both these types of motion and the investigation 
of such motions is reserved for more advanced treatises on 
Dynamics. In this elementary work on the subject, as a 
first step, we shall confine ourselves to the consideration of 
motions of ‘particles’ or ‘material points’ only, for which 
motion would mean bodily transference from one point to 
another in space, and no question of rotation about an axis 
in itself or spin, as it is called, arises. 

1‘3. Definitions. 

In the above articles we have used certain terms with 
which we are familiar from common use ; now we proceed 
to define them formally. 

Matter is anything that occupies space and can be 
perceived by our senses. 

A body is a portion of matter liinited in all directions, 
having a definite shape and size, and occupying some 

♦ lofinite space. 

nartiele is a portion of matter which is indefinitely 
■ size, so small, that for the purposes of our 

• ..v,;^o.gation, the distance between the differant parts of 
it may be neglected. From a dynamical point of view 
it is considered as a material point for which rotation or spin 
has no meaning, and any motion of it signifies a transference 
from one point of space which it practically occupies, to 
another. 

Force is something which changes or tends to change 
the state of rest or of uniform motion of a body. 

[ This definition will be more fully discussed in Chapter VII. ] 

Mass is the quantity of matter in a body. It is 
distinct from the bulk occupied by the body i.e,, its volume. 
For example a i)iece of cotton can be squeezed to occupy 
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2*1. Definitions. 

Speed.— The rata at rvhich a moving point traces out it» 
path is called its speed. 

Uniform speed.— The speed of a movimj point is defined 
to be uniform when it passes over equal lengths of its path 
in equal intervals of time, hoivever small these equal time- 
intervals may be taken. 

Note. Suppose that a particle describes 10 leet of its path in cacii- 
second. Here the speed of the moving point may or may not be 
unifoim, for it is quite possible that in each second, during the first- 
half the particle may move over 6 feet, and during the last half, over 
only 4 feet, making up a total of 10 feet in each second, considered. 
Even if it traces out 5 feet in each half-second, its, speed may not be 
uniform, for there may bo variations within the half seconds, though, 
, i,,Ul may be the same in each case. Hence the utility of the last 
-ho above definition. 


■icn a particle is moving with uniform speed, its- 

speed ‘is measured by the ratio of the total length of its- 

path traced out in any interval of time, to that time. It is 
the same always. 

Non-uniform speed ; Speed at a pointy— Consider a 
moving particle whose speed is variable. For instance, 
an engine starting from a station moves slowly at farst, 
and then quickens its speed, and again slows it down, 
when approaching the next station. We may make an 
estimate of the comparative quickness or slowness of its 
motion at two particular moments, and at one instant- 
we may find its motion quicker, or speed greater, than at. 
another moment. It is quite conceiveable that at a. 
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t)arfcicular moment, when at a particular point of its 
[path, it is moving with high speed, but even after the 
lapse of a quarter of a second, its speed may come down 
considerably. Hence a necessity arises of defining speed 
>at any point in such a case. 


When the speed of a moving point is non-uniform, its 
^peed at any instant during its motion, i.e,, at a particular 
ipoint of its path, is measured by the ratio of the distance 
travelled' in a very short period of time including the 
instant in question, to that time, provided the time 
interval is infinitely small (so small, that any change of 
-Bpeed during the interval may be neglected). 

Let a point be moving along a path AB. While at any 

point P of its path, let it 

-describe a small distance 

PP' ( « s) in a very small time 

t\ Then its speed at P is 
/ 
s 

measured by > ultimately, or 
t 

more correctly by the limiting 
s 


value of the ratio 
£ is infinitely small. 


when 



It is clear that the speed at P is not necessarily given 
'by tlie distance actually travelled in a unit of time from P, 
•for its speed may change, or it may even come to rest, 
•before the unit time is elapsed. In fact the speed at P 
measures the distance which the particle would pass over 
in a unit time, if it continued to move throughout that time 
.at the same rate as at P. 


Average Speed.^ — ^The average speed of a moving point 
for any prescribed interval of time during its motion, is that 
iuniform speed with which the point would describe the same 
length of its path as actually passed over, in the same 
linterval of time. 

Mathematically speaking, if a length (=«s) of its 
path is described in an interval t, the average speed during 

;the interval is 
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Displacement.— The displacement of a moving point in 
any time is its change of position, as indicated by the 
straight line joining its initial and final positions during the 
interval. 

Displacement thus involves the idea of both magnitude 
and direction, i,e., the distance through which it is displaced, 
and the straight direction in which it is on the whole 
displaced, no matter even if by a curved path. In figure (i), 
as the particle traces out its path jrom k to the dis- 
placement is the straight length AB in that direction. 

Velocity . — The velocity of a moving point is its rate of 
cha7ige of position, (or rate of displacement) having a definite 
directio7i aTtd magnitude. 

Uniform velocity. — The velocity of a moving pohit ‘is^ 
said to be uniform, lohen it always moves alo7ig the same 
straight line in the same sense, and passes over equal 
distances in equal mtervals of time, however small these time 
intervals may be taken. 

Distinetion between Uniform velocity and Uniform Speed. 

uniform velocity, the moving point must always move 

name direction, which need not be the case for uniform 
liiough in both cases, equal lengths of the path should be 
described in equal intervals of time, however small. For instance, a 
point moving uniformly in a circle (e.g., the free extremity of the 
hand of a clock) has uniform speed, but not uniform velocity. Jt may 
be noted that a point moving with uniform velocity must have its 
speed also uniform, but a point moving with uniform speed need not 
have a uniform velocity, as illustrated in the example above. 

Non-uniform velocity ; velocity at a point. — In case 
when the velocity of a moving point is non-uniform,, 
the velocity at any point P of its path [SeeFig. (i)J has 
got its magnitude determined by the limiting value of 

the ratio where s is the displacement PP' in an 

w « 

infinitely ^ small time t^ including the instant when the 
particleis at P, and the direction of the velocity there, being, 
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ultimate direction of PP' as P' comes infinitely close to P, 
is along the tangent at P to the path. 

Average velocity. — The average velocity of a moving 
point during any interval of time is that uniform velocity 
with which a particle would receive the same displacement 
in the same time, as that of the given point. 

Mathematically, if d is the length of the straight line 
joining the initial and final positions corresponding to the 

d 

interval t, tlie average velocity is . in the direction of 

t 

that line. 

It may be noted. that in case of a curved path the 
magnitude of the average velocity is different from the 
average speed during any interval. 

2*2. Vector and scalar quantities. 

A (quantity which has got both magnitude and direction 
(in a definite sense) is defined to be a vector quantity ; 
velocity, displacement, force, acceleration etc. 

A quantity which lias a magnitude, but is not associated 
with any direction, is defined to be a scalar quantity ; e,g,, 
speed, mass, temperature, etc. 

As a straight line has got a magnitude, direction, and 
sense, any vector quantity may very aptly he represented by 
a straight linct the length of tlie line representing the 
magnitude of the vector on a suitably chosen scale, the 
direction of the straight line giving the direction of the 
vector, and the sense of the vector being indicated by an 
arrowrnark along the line. 

Thus the velocity of a moving point, or a force acting at 
a point on a body, may very well be represented in magni- 
tude and direction by a straight line. 

i 

2'8. Simultaneous velocities of a point : Resultant 
velocity and components. 

Let an insect be moving on a table on board a ship. 
If the ship be in raotiori on water, the table, %ilong with 
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the insect on it, shares the motion in common with the 
ship, and the insect has tlius two simultaneous motions. 
If in addition the table be dragged on the ship in another 
direction, the insect also moves with the table, and it has 
thus three motions superposed on it. In this way we 
may conceive of a number of simultaneous motions of the 
same particle. 

If a particle possess several simultaneous velocities in 
different directions due to various reasons, and if the joint 
effect be the same as if the particle moves with a single 
velocity in a definite direction, this latter velocity is known 
as the resultant of the given simultaneous velocities, which, 
in their turn, are called the component velocities of the 
single resultant. 

2'4. Parallelogram of velocities. 

If a point has simultaneously two velocities which are 
represented in magnitude and direction by the two adjacent 
sides of a parallelogram meeting at an angular point, then 
the resultant velocity of the particle is represented in 
maanitiide and direction by the diagonal of the parallelogram 
that angular point. 



Let a point 0 possess simultaneously two velocities u 
and V, represented in magnitude and direction by the two 
adjacent sides OA and OB of the parallelogram OACB. 
Join OC. 
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The simultaneous existence of the two velocities of the 
particle may be imagined by supposing that the particle 
moves along OA with a velocity represented by OA^ and at 
the same time, the line OA, with the particle on it, moves, 
remaining parallel to itself, so that the end 0 moves along 
OB with a velocity represented by OB. 

At the end of a unit of time, owing to the velocity u, 
the particle reaches the extremity A, while on account of 
the velocity v, the line OA takes up the parallel position 
BG, so that, at the end of a unit time, the final position of 
the particle is at C. 


At any intermediate instant, say after th of a second 

n 

from start, due to tlie velocity i*, the line OA takes up the 
parallel position PQ, whore OP = ^ • OB. At the same 
time, due to the velocity u, the distance of the particle 
described from P along PQ is ^^*OA. 


Now if B be the point of intersection of PQ and OC, 


since PB is parallel to BC, 


PB_ 

BC^ 

PB = 


OP 

OB 

1 

n 


.n 


and so 


BG-’ 


OA. 


Hence, from what is stated above, the position of the 


particle after 


th second from start is exactly at B on 
n 


OG, where 


OB 

OG 


OP ^ 1 
OB n ' 


As n may have any value, we find that due to the two 
simultaneous velocities, u and v, the position of the particle 
is all along on the line 00, and is sucli as if the particle 
moves with a single velocity represented by OG. 

OG thus represents the resultant velocity. 
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2*5. Analytical expression of t^e resultant of two 
given velocities. 



Lpt u and v be the two given velocities of a particle O 
in dirj^tiono OA and OB inclined at an angle o. Let them 
be represented by OA and OB. Complete the parallelogram 
OACBt and join the diagonal OC, which then, by parallelo- 
gram of velocities, represents the resultant velocity w. 
Let Z^COA^B^ which will give the direction , of the 
resultant. Now draw OD perpendicular upon OA (produced 
if necessary). Then from the right-angled triangle 0A2>, 
AD^^AO cos CAD «= v cos a, and OD « AC sin CAD *= v sin a. 


Tims 

0C*-0Z>* + CP2 gives 


••{u + v cos a)* + (v sin a)’ 


— Tt* + 2wu cos a + . 

Also 

, ^ CD t? sin a 

tan 0 — — . 

OD u + voosa 

Hence, 

w • eo8 «+y* 

and 

e-tan'V— 

^ «.au u+v cosa 


give the magnitude and direction of the resultant. 

Cor . li If ® -» 0, w • ii+ V 
and if ««V, W«»U--v. 

Menoe ih$ rauUant \cf two aimuUanioui v$looUie9 atass wme 
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Cor. 2; Whenva>u, it is easily seen that 
w*»2u cos ~ 

and 

Thus the resultant of two equal velocitiee u, u at an angle a i» 

A 

2uco 8-^ ma direction bisecting the angle between them, 

2*6. Breaking up a given velocity into two 
components. 

A given velocity may be resolved into two components, 
in an infinite number of ways, for by parallelogram of 
velocities, if with the straight line representing the given 
velocity as diagona^l we construct any parallelogram, the 
two adjacent sides of thi^arallelogram, will represent the 
two component velocities having the given velocity as their 
resultant. 

Again, if we want the component of a given velocity in a 
given direction at any inclination to it, the component is not 
determinable, in as much as the direction of the other com- 
ponent may be chosen to be anything, and the parallelogram 
constructed with the given velocity as diagonal. 

If however, with a given velocity, both the directions 
are definitely mentioned in which we are required to break 
it iip into components, these components can be deter- 
mined. 

Let 00 (■•TO re- 
.. present the given velo- 
city, f nd OX and OF, 
given directions making 
angles a and j9!r to it on 
either side, in which we 
are to resolve it into 
components. ^ ^ 

Oomplete the para- 
llelogram OACB with 
di^onal 00 and sides 
along OX and OF. Then by parallelogram o^velocitiesr 
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OA and OB represent the required components of V along 
OX and OY. 

Now from triangle OAC, by Trigonometry, 


OA ^_AC ^ _OC . 
sin OCA sin CO A sin OAC 


i.e. 


OA OB V 


sin p sin a sin (180° ~ 
^ OB = 

Sin (a + p) 


a + p) sin 

F sin a ^ 
sin (a + P) 


V 

(a + p) 


2‘7. Resolving a given velocity into two perpendi- 
cular components. 

The most important case of resolution of a given velocity 
into two components is, wlien the directions of the 
•components are at right angles to one another. In this case 
the components are referred to as resolved parts in the 



corresponding directions. Let the given velocity V be 
represented by OC, and let the direction OX make an 
angle COX^d with it, OY being perpendicular to OX, 

Completing the parallelogram QACB (which is a 
rectangle in this case), we notice that the required resolved 
parts along OX and OY are given by 

OA - 00 cos XOC « V cos d 

and 0.^« . 40-00 sin XOO = V sin B. 
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Note. In Fig, (ii), 0-4, strictly speaking, is OC cos CO-4. 
*= V cos (180® — — V cos 6, and is positive along O.Y'. Now mathe- 
matically ^ a velocity u along OX' is identical with a velocity - u along* 
OX Hence, — V cos 9 along OX' may be described as 7cos 6 along OX, 
Thus the resolved part of V along OX is mathematically V cos 6, 
whether 9 be obtuse or acute or anything. 

Hence any given velocity V is mathematically eqiiivalent 
to (and accordingly can be replaced, whenever needed, by) two 
simultaneous resolved parts, one, V cos 0 along a direction 
OX at an angle 0 to it, and another^ V sin 0 perpendicular to 
it, whatever the angle 0 may be. This mode of replacing a 
given velocity by its two equivalent resolved parts in two 
suitable perpendicular directions is particularly useful in. 
finding the resultant of several simultaneous velocities for a 
particle, as i^ shown below. 

2*8. Resultant of several simultaneous coplanar* 
velocities of a particle. ^ 



Let a point 0 possess several simultaneous velocities vi,, 
V 2 t V 3 ,...etc. in different given directions in the same plane,. 
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and let their directions make angles 0i, 62 , ©a,... with any 
suitably chosen direction OX in the plane, OY being 
perpendicular to OX. 

We can replace the velocity Vi by its components 
'Ui cos 01 along OX, and Vx sin 0i along OY. Similarly, V 2 
may be replaced by V 2 cos 02 along OX, and V 2 sin 02 along 
OY, and so on for each one of the given velocities. 

The given simultaneous velocities are then mathemati- 
cally equivalent to a single total component t;icos0i4' 
V 2 cos 02 +“^3 cos 03 + *** along OX, and a single total com- 
ponent Vi sin 01 + ^2 sin 02 + I’a sin 03 + along OY. 

These two final components along OX and OY, (repre- 
sented by OA and OB say,) will be equivalent to the resultant 
velocity V represented by 00 at an angle 0 to OX, where 

V COB 0 = Od =Vi cos 61+V2 cos 02 + V3 cos 03 H — 

V sin 0==OB = Vi sin0i+V'2 8in 02 + V3 sin 03-4 — 

From these, V and 0 are definitely determined. 

Note. From tho above, squaring and adding, we ultimately get 
Y— + cos 

l.liu positive sign of the square root being taken for the magnitude of 
' then the signs of the righthand expressions will give the 

- M /? and cos 0 and will thus definitely determine the direction 
^..Itant velocity, with the quadrant in which it lies. 


2 * 9 . Triangle of velocities. 

If a moving point possess simultaneously two velocities 
represented in magnitude and direction and sense (but not in 
position) successively by the two sides of a triangle taken in 
order, their resultant is represented by the third^ side in 
opposite order. 

Let AB and BG represent in magnitude direction and 
sense) the two simultaneous velocities of a point. Complete 
the parallelogram ABCD. Then AD being equal and parallel 
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to BC, represents, so far as magnitude, direction and 
sense are concerned, the 
same velocity as is repre- 
sented by BC, Hence the 
two simultaneous velocities 
of the moving point, being 
represented in magnitude 
and direction by AB and 
AD are equivalent, by 
parallelogram of velocities, 
to the resultant velocity re- 
presented by AG, 

2*10. Polygon of velocities. 

If a moving point possess several simultaneous velocities, 
represented in magnitude^ direction, and sense successively 
by a series of lines joined end to end, in the same order, then 
the line drawn to close up the polygon so formed, in reverse 
order, will represent its resultant velocity. 

Let the several simul- 
taneous velocities possessed 
by a particle be represented 
in magnitude, direction, and 
sense successively by the 

lines .IB, BC, CD OH, 

Then the resultant velocity 
of the particle will be repre- 
sented by the straight line 
AH in magnitude, direction 
and sense. 

For the resultant of the velocities represented by AB 
and BG is, by triangle of velocities, represented by AG, 
Again the resultant of the two velocities represented by AG 
and GD is represented by AD, Hence AD represents the 
resultant of the three simultaneous velocities represented by 
AB, BG, GD, Proceeding in this manner AH will represent 
the resultant of the simultaneous yelocities represented by 
AB, BG, CD.,.., OH. 
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Cor, If a i^oint possess simultaneously velocities which are 
represented in magnitude, direction and sense by the sides taken in 
order of a closed polygon, then the point will remain, on the whole, 
at rest. 


2*11. Illustrative Examples. 

Ex. 1. A point possesses two simultaneous velocities^ one rnile^ 
per hour towards the East, and the other 10 feet per sec. at an angle 60*^ 
North of East. Find the mag^iitude and direction of a third velocity 
which must be imparted to it so that it may remain at rest. 

15 1760 X 3 

74 miles per hour= ^ ^ 60x60 second = ll ft. per sec. 


Now the resultant of the two given velocities 11 ft. /sec. towards- 
the Kast and 10 ft. /sec. at an angle 60° North of East is 

w^ N/li‘^ + 10‘^ + 2.11.10 cos bO^* 

“ N/iai + 100 + 110= n/ 331 ft./Bec. 
in a direction making an angle 


10 




10 sin 60° , 2 

-tan li+yooosOO**"**" II + IO.4 

= tail”* North of East. 


—rj or that the particle may remain at rest a velocity equal 
•te to this resultant velocity must be imparted to it 
i.t'., It velocity ^/3BI ft. /sec. in a direction making an angle 

tan"^ South of West, 
lb 


Ex. 2. A swimmer can swim in still ivater at the rate of 4 miles per 
hour. He wishes to cross a river flowing along a straight course at the 
rate of 2 miles per hour, so as to reach the directly opposite point on the 
other hank. In what direction should he attempt to swim ? 

If he wishes to'.cross the river in shortest timet what directum^should 
he take to swim ? 

Let AB represent the velocity of the current, and AC that of tho 
swimmer, at an angle a with the current. Due to these two 
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simultaneous velocities, the resultant velocity of the swimmer is, by 
parallelogram of velocities, represented by the diagonal AD, 


E 



A B A BN M 

Fig (i) Fig (ii) 

(i) Now if this resultant AD be perpendicular to AB (Pig. i), 


AB AB 9 1 

we have cos (180° - a) = cos - «cos 60* 

180*-a = 60° or a = 120 °. 

Hence the swimmer should swim at an angle 120 * with the direc- 
tion of the current in order to cross the river perpendicularly^ so as 
to reach the directly opposite point E on the other bank. 

(ii) If the man wishes to cross the river in shortest time, we note 
that in a unit time, as he reaches the point D with the resultant 
velocity AD (Fig. ii), the actual breadth of the river crossed over by 
him is DN^BD sin DBN=AC sin a = 4 sin a. Hence b denoting the 

total breadth of the river, the time taken to cross the river - 7 —? — • 

4 sin a 

[Alternatively, we may note that AD representing^ the resultant 
velocity, the man reaches the opposite bank at E, for which the time 
is 

AE EM [ from similar triangles, EM 
Al) DN being the breadth of the river ] 

= . .■) 

4 sin a J 

Now this is least when sin a is greatest, namely 1 , which 
requires a *90°. 


2 
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Thus to cross the river in shortest time, the swimmer should take 
to swim in a direction perpendicularly to the current. (His resultant 
motion however is not perpendicular to the current in this case) 

Ex. 3. A point possesses four simultaneous velocities whose 
magnitudes are 4:ft.ls€c,^ 8 ft.lsec., 12 ft. I sec. t and 16 ft.lsec. respec- 
tively. The angle between the directions of the first and the second is 
60°, between the second and the third 90*^, and between third and the 
fourth 150°. Find the magnitude and directio7i of the resultant velocity. 

Y 

I 

I 



Let us take OX coincident with the direction of the first velocity, 
and OY perpendicular to it. Clearly the angles made by the four given 
velocities with OX, all measured positively, are respectively 0®, 60®, 
160® and 300®. Now resolving each velocity along the two directions 
OX and OF, 

the algebraic sum of the resolved parts along OX 
= 4+8 cos 60® + 12 cos 160® + 16 cos 300® 

= 4 + 8.J + 12 >/3.( — i s!^) + 16.i = — 2 f t./sec. 
and the algebraic sum of the resolved parts along OF . 

= 4 sin 0® + 8 Sin 60® + 12 ^/3 sin 150® + 16 sin 300® 

« 0 + 8.i + 12 /s/3. J + 16. ( - i V3) 

» 2 ^/3 ft. /sec. 
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Thus if V be the resultant velocity in a direction making an angle 
•6 with OXf I 

vcos0= -2, v sin 0 = 2 /v/3, whence v* = 16ort; = 4 

costf=— i, sin giving 0 = 120^^. 

A 

Hence the resultant velocity of the particle is 4 ft/sec in a direction 
making an angle 120° with the first velocity. 

Ex. 4. A huB is moving at 12 miles per hour along a straight roadt 
and a man ^ Twining at 6 miles per hour along a perpendicular road, 
sees it, when it is 140 yds. short of the junction, and he himself is 
,^0 yds. short. Show that he can never get nearer to the bus than 20 yds. 



The bus J3 is moving along BO, and the man 4 runs along ^O. 
A sees B when BO = 140 yds^ /^ miles, and iO = 80 yd8= miles. 

After any time, t hours say; the distances moved over by the bus 
4 ind the man are respectively BB' — 12t miles, and AA'^dt miles. 

Hence the distance A'B' (=d) between them is given by 


d» = U\-12f)* + UV-6f)’» 


= 169i*-|| t 


65 

88 * 


-K 


Now the variable portion involving t being a perfect square, can 
never be negative, its least value being zero. Hence the 4^aSt value 
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of = ) i. the shortest possible distance of the man from the* 

bus is iV miles « 20 yds. 

Note. — For an alternative method by using relative vetocity, see* 
Ex. 3, § 3*6. 


v/ 


Examples on Chapter II 


A man walks towards the east a distance of 3 miles^ 
at the rate of 5 miles per hour, and then walks towards the 
north a distance of 4 miles at the rate of 3 miles an hour. 
Find the average speed and the average velocity of the man> 
for the whole journey. 

n/ 2. A point moves in a straight -line with a velocity of 
3 feet per second. After 3 seconds it has an additional 
velocity of 4 feet per second at right angles to its original 
direction of motion. Find its distance from the starting; 
point 2 seconds after this. 

^3. A point which possesses velocities of 7, 8 and 13 ft. 
per sec. in different directions is at rest. Find the angle* 
between the directions of the two smaller velocities. 


Three velocities whose ratios are (\/3 + l) : >^6:21 
. . iiltaneously impressed on a particle and it is noticed 
; ‘article does not move. Find the angles at which 
^ . ..Uons of the velocities are inclined to each other. 

5. What velocity must be communicated by the bat to* 
a cricket ball travelling horizontally in the line of wickets 
at 90 ft. per sec., so as to make it travel . at right angles* 
to its original path with a speed of 120 ft. per sec. ? 


6. A particle P has simultaneously three velocities 
represented by PA, PB, PG where A, B, 0 are fixed points. 
Where should P be situated so that the particle may remain 
at rest ? 

W! A particle possesses simultaneously three velbcities* 
u, V, w in directions inclined at angles a, one 

another ; shew that the resultant velocity is 

[ a?* + u;* + 2uv cos a + 2vw cos P + 2uw cos y 
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V^. A train is moving with a uniform velocity v along a 
straight railway line and a motor car runs on a parallel 
road in the same direction, the distance between the road 
and the railway line being a, A passenger of the train obser- 
ves the car to be always in a line with a fixed tree whose 
distance from the railway line is b {b > a). Prove that 
the velocity of the car is uniform and find its magnitude. 

A man rows directly across a flowing river in time 
ti and rows an equal distance down the stream in time ^ 2 * 
If u be the speed of the man in still water and v that of the 
•stream, show that 

ti : t2^ : slu-v, 

vdo. Two boats each moving with a velocity of 5 miles 
per hour try to cross a stream of breadth 880 yds., running 
with a velocity of 3 miles per hour. One boat crosses the 
stream by the shortest path and the other in the shortest 
time. If they start together, find the interval between their 
tim^ of arriving at the opposite bank. 

V/^1. A river of breadth Jd miles has a current flowing 
at the rate of 2 mUes per hour. A swimmer who can swim 
at the rate of 2 ij2 miles per hour in still water wishes to 
reach the directly opposite point on the other bank, but 
•choosing a wrong direction to swim, reaches the opposite 
bank miles down the desired point. Find the 

•deviation of the chosen direction from the right one. 

yXi. A man can swim directly across a stream of breadth 
100 yds. in 4 minutes when there is no current and 
in 5 minutes when there is current. Find the velocity of 
the current. 

Nd3. Two motor boats start simultaneously from two 
points A and B, the first one moving with a uniform 
velocity of 10 ^/3 miles per hour in a direction making an 
angle of 30® with AB. Find the direction in which the 
second should move uniformly with a velocity of 10 miles 
per hour so that it may meet the first one. 

If the second boat move at an angle of 45® with BA , with 
what velocity should it go in order that it may meet the 
first ? 
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^^4. Two cyclists_ P and Q are respectively at points A 
and B which are ^/ 3 + 1 miles apart on a field. P rides* 
away with a uniform velocity of 5 miles per hour in a 
direction making an angle 45"* with AC. Q starts at the 
same instant to move with a uniform velocity of 10 miles 
per hour and catches P. Find the time that elapses from 
start before Q catches P. 


\/u 


15. A point has equal velocities in two given direc- 
tions ; if one of these velocities be halved, the angle 
which the resultant makes with the other is halved also. 
Find the angle between the given directions. 


vie. 


An aeroplane travelling in still air at the rate of 
125 miles per hour starts from a point P to reach a point Q 
due north of it, 300 miles away. There is a wind blowing 
due west at the rate of 35 miles per hour, but when half the 
distance has been covered, the velocity of the wind increases 
to 75 miles per hour, and the aeroplane adjusts its head 
accordingly so that it continues its course along PQ as 
before, and reaches Q. Find the time taken over the flight. 


V/l7. 


A destroyer steaming north at the rate of 15 miles 
per hour observes a sea-plane carrier due east of itself at a 
distance of 10 miles, the latter steaming duo west at the 
c of 20 miles per hour ; after what time are they 
’. ast distance from one another, and what is this 
:: stance ? 


v/l8. Two straight railway lines meet at right angles. A 
train starts from the junction along one line, and at the 
same instant, another train starts towards the junction 
from a station on the other line, and they move at the same 
uniform speed. Show that they are nearest to each other 
when they are equally distant from the junction. 


19. A battle ship leaves a certain port’ and steams N. W. 
at 15 knots. Another ship leaves the same port at the 
same instant and steams W. S. W. at 12 knots. Their 
wireless instruments are capable of communication up to 
500 nautical miles. How long may the ships expect to 
remain in touch ? 

[ 1 knot — 1 nautical mile per hour ] 
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'^20. A point possesses five simultaneous velocities, 10^ 
20, 30, 40 and 50 ft. per sec. respectively. The first three 
are respectively towards E., N. E., and S.S.W. The fourth 
is 15° West of North, and the fifth 30° East of pouth. Find 
the displacement of the particle 5 secs, after start. 


Answers 


1. 

31^ m. p. h. ; 

2^^ m. p. h. 

at an angle tan" 

■' ^ north of cast. 

2. 

17 ft. 

3. 60"'. 

4. 185‘ 

», 105®, 120®. 

5. 

150 ft./ sec. at 

an angle cos" 

(~|) with the 

original path. 

6. 

At the centroid of the triangle ABC* 


8 . 


10. 

1^ min. 

11. 16^ 

12. 

15 yds. /min. 


13. GO® with BA ; 5 miles/hr. 

14. 

12 min. 

15. 

120®. 

16. 2 hrs. 45 min. 


17. 19^ min. ; 6 miles. 19. 32’9 hrs. 

20. 164 ft. nearly in a direction approximately at an angle 
tan*"' I S of E 



CHAPTBE III 


RELATIVE VELOCITY 

3*1. In the previous chapter we have defined velocity 
of a moving point P as its rate of change of position. Now 
to define this position we must have some frame of 
reference, or a point of reference, say 0, with respect to 
which the position of P at* any instant is given by straight 
line joining 0 to P. When this straight line OP alters, 
either in length or in direction, or in both, we say that P 
has changed its position, and has thus moved, as seen from 
0. If we say that the point of reference 0 is also moving, 
we must ha 76 some other frame of reference in mind, with 
respect to which Q is changing its position. In fact we 
have no idea, nor can define, what absolute motion of a 
point would mean, and every ipotion in that sense is rela- 
tive, that is with reference to some contemplated observer. 

Every one must have noticed from a moving railway 
train that trees or telegraph posts outside seem to approach 
and then move rapidly backwards. Beally the distance of 
the tree from the observer is changing though not due to 

. . 1! ot the tree, and this change of position of the tree 

of a motion of the tree to the observer. But 

'jnscious that the tree is not capable of moving on 

the ground, he attributes this apparent motion of the tree 
to his own motion with the running train. 

Usually we speak of a body to be at rest when it does 
not change its position with respect to surrounding objects 
on the surface of the earth, and say that it is in motion 
when it changes its position with respect to the so-called 
fixed objects on the surface ot the earth. But we also 
seem to know that the earth is not fixed, and that it moves 
round the sun at a speed of nearly 19 miles per second. In 
this latter description our contemplated observer is at tha 
sun. Again the sun is described to be moving with the 
whole solar system towards a so called fixed star, which in 
this case is taken as the observer for reference. In fact, it 



RELATIVE VELOCITY 


26 


should be borne in inkid, as stated before, that absolute 
Ynotion (or true motion as we may be tempted to call it), 
or rest, without any reference to any observer, is perfectly 
meaningless, from the very definition of the terms. 

In this book, unless nothing is mentioned, we shall 
speak of true motion or rest by considering the points of 
reference to be the so called fixed objects on the surface of 
the earth*. We then proceed to define relative velocity, 
and consider theorems in that connection as given below. 

8*2. Relative velocity. 

When two points A and B, which may be both moving 
on the surface of the earth, are considered, the rate of change 
of position of B as seen from A, (this position being indicated 
by the line joining A to B) is defined as* the relative velocity 
of B with respect to A, 

This relative velocity of B with respect to A is obtained 
by compounding with the velocity of B a velocity equal and 
opposite to that of the observe A as proved in the next article. 

3*3. Determination of relative velocity. 

The relative velocity of one moving point B with respect 
to another moving point A is obtained by compounding with 
the given velocity of B, a velocity equal and opposite to 
that of the observer A, 

First of all, let A and B both move with equal velocities 
in parallel directions. In any 
time, their displacements A A' and 
BB* are equal and parallel, and 
hence the line joining them re- 
mauil equal and parallel to itself. 

Tbihs the distance and direction 
of the line joining A to B, i,e, the 
position of B as observed from A 

*In books on astronomy other points and frames of references are 
used for describing motions according to the oircamstances. 
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remains unaltered. Thus B will appear to A to be at rest, 
and their relative velocity with respect to each other is nil. 


Next suppose A and B move with any velocities u and 
V represented hy AP and BQ respectively. To both A and 
B apply equal and parallel velocities represented by -47v and 
BM, each equal and opposite to AP, These equal and 
parallel velocities of A and B i)roduce no relative motion 
between them, and so the apparent motion of B as seen 
from A remains unaltered by this addition. A is now, 
brought to rest, and the resultant motion of B is given by 
the diagonal BN^ which thus represents the required relative 
velocity of B as it appears to the observer A. 

■ ^ termination of true velocity when the apparent 
; j given. 

When the relative velocity of a point B with respect to an 
observer A is given^ as also the velocity of the observer A, the 
true velocity of B is obtained by compounding these two given 
velocities. 

As the relative velocity of B with respect to A is fpund 
as the resultant of the true velocity of B and the velocity 
of A reversed, if we compound with it the velocity of A, the 
two latter velocities will neutralise each other, leaving as 
the resultant, the true velocity of B, 

Geometrically, BB representing the given relative 
velocity 7ba of B with respect to A, and AP representing 
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the given velocity u oi A, if we draw BM equal find parallel*- 
to i4P in opposite sense, and complete the parallelogram 



BMBQ with BB as diagonal and BM as a side, then the* 
other side BQ represents the true velocity of B, for this 
compounded with BM, the reversed velocity of A, gives as 
the resultant, the relative velocity BB in question. Now 
if MB be produced to N making BN — BM, the figure 
BBQN is evidently a parallelogrom, in which BQ, 'the 
required true velocity of B is the diagonal with BB and BN 
as adjacent sides. As BN is equal and parallel to AP, it 
follows that the requii’ed true velocity BQ of B may as 
well be determined by combining with the given relative 
velocity BB, and velocity BN^ equal and parallel to that 
of the observer A in the same sense. 

3*6. It may be noted that the actual way in which the 
distance between two points which are both moving, or the 
direction of one as seen from the other at different instants 
alters, may be estimated either by considering the actual 
motions of both the points during the interval, or equally 
well, by assuming one to be at rest and making the other 
move with relative motion, and this second method is 
simpler in actual practice. 

Thus if AP and BQ represent the actual velocities of A 
and B, after unit .time the distance between them is PQ. 
Now, keeping A fixed, and assuming B to move with the 
relative velocity BN, it is clear from the mode of 
constructing relative velocity, that QN is equal and parallel 
to AP, and so AN is equal and parallel to PQ. AN thus 
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gives the distance and direction between the two points 

after unit time equally 
well as PQ, At any 
other instant, say after 
time T from start, A 
moves to A' and B to 
B' where AA'^t,AP 
and BB' ^t.BQj and 
the distance between 
the points then is 
A^B\ But keeping A 
fixed, if we assume B 
o move with relative 
velocity BN, it reaches 
the point C after time r where BC-r.BN and the dis- 
tance between the moving points thus estimated is given 

DP D D^ 

ut the inatanfc by Now = T = • Therefore J5'C 

JlSJN BiJ 

18 parallel to QN and ^r,QN i,e,, AP. Hence S'C is 
equill and parallel to A' A and so AC is equal and parallel to 
A'B\ 



In problems therefore, where we are to determine the 
least distance between two points which are both moving 
witli given velocities, it is always advisable to reduce one 

make the other move with relative velocity, and 

• e the least distance, which will give us the 
. . .."c as the actual result. [Cf. Ex. 3, § 3'6] 


3'6. Illustrative Examples. 

^ Ex. 1. To a passenger on a train running due East at the rate of 
80 miles per hour wind appears to blow from N. E. at the rate of 
10 hj2 miles per hour ; find the true velocity of the wind. Find also its 
apparent direction, when the speed of the train increases to 40 miles per 
hour. 

ft AB representing the velocity of the train, (30 miles/ hr. due east) 
it also represents the true velocity of the observer. Let OC represent 
the apparent velocity of the wind (10^/2 m/hr. from N. E. towards 

a.w.). 
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Combining with 00, a velocity OD equal and parallel to 4B- 
in the same direction, the resultant OO represents the true velocity 
of the wind. 


N 

I 



Now resolving OC into its components 10 v/ 2 cos 46® andlON/2' 
sin 46®, 10 10 towards west and south respectively, and 

combining with OD (80 towards the east), wo get 30- 10=20 m/h 
towards the east, and 10 m/h towards the south, the resultant of 
which is 00 = n/ 2 ^ + 10 *== 10 n/ 5 miles/hr., at an angle ^ = tan-*^8 
i.e., tan"^i 8 of E giving the true velocity of the wind in magnitude 
and direction. 

[Alternatively, noting that angle D0C = 136®, we might apply the 

mathematical formulae of § 2-5 to get the magnitude land direction of 
the resultant 00. J 

When the speed of the train increases to 40 miles/hr, to get tjie 
apparent direction of wind, we combine with its true velocity OO, a 
velocity OF, equal and opposite to that of the observer (i.e., 40 towards 
the west) and find the resultant OH. Now 00, as proved before, being 
equivalent to 20 m/h towards the east and 10 m/h towards the south 
we get OH to be the resultant of 40-20-20 m/h towards the west 
and 10 m/h towards the south. Thus if LHOF^ 6', tan - 4, or- 
6'— tan"*i. 


80 


INTERMEDIATE DYNAMICS 


. Hence the apparent direction of the wind now is at an angle tan~* J 
South of West. 

Ex. 2. To a cyclist travelling at 8 miles per hour due eastf the wind 
appears to come from the north-east ; hut when he travels north-east at 
the same speedy it api^ears to come from the north. Find the true 
direction and velocity of the wind, [C, U. 1941] 



Let OB represent the apparent velocity of the wind from N. E. 
•when the cyclist is travelling at 8 m/h due liast. Combining with OJB, 
volooity OA of the cyclist in the same direction (towards the East), 
.. ,...i.!i;tiug the parallelogram OBCAj the resultant OC represents 
' ity of the wind. 

(Hi cyclist is moving with the same speed towards north- 

-east, combining this velocity reversed (represented by OD) with OC, 
and completing the parallelogram OCFD, the resultant OF represents 
the apparent velocity of the wind then, and this is given to be from the 
iuorth, as shown in the above figure. 

• Now in the figure, Zl30Fs=45® ; .’. Z.OF^« 45°, 

and as LAOF--90^, Z.O^F=45°. 

Thus OF^OA^%. Also CF^OD = S, 

L FOG » A. FCO « i(l80° - 46®) = 67i° 

Z4CC-22J®. 

Also, OC^^FO cos POC** 2.8. sin 22J® 

= 1 €. >/g-N/5 .8^2--3 
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Thus the true velocity of the wind is 8 ^/2- >/2 miles per hour at an 
angle 22j® S. of E. i.e., towards E. S. E. (from W. N. W.). ^ ' 

Ex. 3. a xyarticular instant two aeroplanes are at a distance of 
250 mileSf one due^ easLof the other. The first one is moving westwards 
at the rate of 100 rrtttes per hour, and the second with a velocity of 
16 miles per hour towards the south. Find the time when they are 
nearest each other ^ and the least distance between them. 



A and B represent the positions of the aeroplanes at the given 
instant, and AL and BM their velocities. To find when they are 
nearesf, or the least distance between them, as explained in § 3*5, we 
may keep one, (say^), fixed, and make the other move with the 
relative velocity BR, as shown in the above figure. Clearly 
BR = /s/l 06 » + 75* = 125 m/hr. 

AD being now drawn perpendicular to BR, the least distance of B 
from A is AD. 

Now AD^ABsmB (where 0= Z. -4 Z?D) 

- 4B.^^ = 260x^~-150mno8. 

100 

Also, BD “ AB cos $ * 250 x = 200 miles, and with relative velo- 

120 

city BR i.e., 125 m/h, the time taken to travel this distance BD rela- 
QOO 

tively is hrs.® 1 hr. 36 m. 
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Thus the two aeroplanes will be nearest each other 1 hr. 36 m. from 
the given instant, and the least distance between the two i» 
150 miles. 

Note. For an alternative method, C/. Ex. 4, § 2*11. 


A 


Examples on Chapter III 


^1. One boat is sailing due north at the rate of 
12 miles per hour and another boat is sailing north-west at 
the rate of 12 v 2 miles per hour. Find in magnitude and 
direction the velocity of the second boat relative to the first- 

A schoolboy holding an umbrella runs with a 
velocity equal to that of the rain falling vertically, in 
consequence of which the rain strikes him in the face. 
At what angle should he hold the umbrella in order to 
protect him best ? 




On a rainy day when a man is walking at the rate 
of 4 miles an hour, he is struck by the rain vertically, and 
when he increases his velocity to 8 miles an hour, the rain 
srikes him at an angle of 45°. Find the magnitude and 
direction of the velocity of the rain. 

' 1. To a man walking at the rate of Smiles an hour, 

• M to fall vertically ; if he increases his speed to 

!mur, it appears to fall at an angle of 30° with 

Liiu vertical. Find the actual direction and velocity of the 
rain. [U. P. 1937] 

V^5. A train is travelling N. at 60 m p.h. and the wind is 
blowing from the S. W. at 20 m. p. h. Find the direction 
of the trail of the smoke of the engine. 

[Assume that the smoke loses the velocity of the train as soon as it 
leaves the funnal, and moves with the velocity of the wind.] 

n/6. a steamer is going due N. with velocity v, the smoke 
from the chimney points 6 degrees S. of E. If the wind be 
coming from due West, find its velocity. 

7. Three points P, <3, B move with the same velocity. 
V along the sides BC, CA, AB respectively of an equilateral 
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triangle. Find the velocity of any one relative to the other 
in magnitude and direction. 

\A. Two particles move with speeds u and y respec- 
tively in opposite sense along the circumference of a circle. 
In what positions will their relative velocity be greatest, 
and least, and what are its values then ? 

What would happen if they move in the same sense ? 

9. Given the relative velocity of A with respect to 
and also the relative velocity of B with respect to C, 
show how you will proceed to determine the relative velocity 
of C with respect to A, 

vfb. Two trains whose lengths are respectively 130 and 
110 ft. are moving in opposite directions on parallel lines, 
the velocity of the first being double that of the second. 
They are observed to pass each other completely in 4 secs. 
Find the velocity of each train. 

sAt. A bomber moves due east at 100 m. p. h over a 
::^own X at a certain timoN/ Six minutes later a pursuit 
plane starts from a station Y which is 40 miles due south 
of X and flies north-east.. If both maintain their course, 
find the velocity with which the pursuit plane must fly in 
or<^r to overtake the bomber. 

^2. A person travels due east at the rate of 4 miles per 
hour and observes that the wind seems to blow directly 
from the north ; he then doubles his speed and the wind 
appears to come from the north-east. Determine the 
direction and velocity of wind. ^ [C. U. 1943 ; U. P. 1940] 

^3. A person travelling towards the north-east finds 
; that the wind appears to blow from the north, but when he 
doubles his speed, it seems to come from a direction 
making an angle tan’^ i east of north.. Find the true 
direction of the wind. 

\Ai. A steamer is travelling due east at the rate of 
u miles an hour. A second steamer is travelling at miles 
an hour in a direction 9 north of east, and appears t^be 
travelling north-east to a passenger on the first steamer. 
Prove that 

e- isin“' i [C. U.1946] 

t! . 


3 
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V 15. A river is flowing from west to east at 2 miles per 
hour, and a boat is rowed with a velocity of 4 miles per 
hour due south relative to the current. A hackney carriage 
runs on a road parallel to the river towards the west at the 
rate of 6 miles per hour. Find the apparent velocity of the 
boat as seen by an observer on the carriage. 

Two railway lines cross at right angles. One train 
running at a speed of 30 miles per hour along one line 
crosses the junction at 7 p.m. Another train moving along 
the other line at 40 miles per hour crosses the junction at 
12 p.m. Find the time when they were nearest eadi 
other. 

Two roads cross at an angle of 60“. Two persons, 
one on eaf^h road walking at the same speed, are approaching 
the crossing (acute angle), their simultaneous distances 
being 100 yds. and 200 yds. respectively. Find their 
distances from the crossing at the instant when they are 
nearest to one another. [O’. P. 1924] 

*^18. To an observer on a train moving at 30 miles per 
hour due north, wind appears to blow from 15® E. of N. and 
from a motor car running at 16 ( V 3 - 1) miles i^r hour due 
cast it appears to come from 15® N. of E. Find the true 
. ion of wind. 

pistol shot is fired on a running train at an angle 
a with its direction of motion. The shot enters a carriage 
at a corner furthest from the engine and passes out at the 
diagonally opposite corner. If u be the velocity of the 
train in miles per hour and a and b are the length and 
breadth of the carriage in feet, show that the time the shot 
takes to pass through the carriage is 

16(6 cot a - a)l22u seconds. 

20. A battleship leaves a port P, and sails northwards 
at the rate of 20 miles per hour. A submarine simultaneously 
starts from a point Q 60 miles east of P with a uniform 
Velocity of 10 ^/6 miles per hour with the intention of 
having the ship within 25 miles range of itself. Find the 
extreme directiojiis within which it must direct its motion. 
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Answers 

1. 12 m.p.'h. westwards. 2. 45® with the vertical. 

3. 4 m.p.h. at 45® with the vertical on the side towards which 
vfche man walks. 

— /n 

4 . ^y5l m/h at tan"^ with the vertical in the forward sense. 

5. cof M3 i e., 17® 8' east of south. 

6. V cot 6. 7. V ^J2 parallel to the altitude. 

8. When moving in opposite sense, greatest relative velocity is 
ni + v when they meet, and least is ut^v when they are diametrically 
opposite. When moving in the same sense, greatest relative velocity 
ds u+v when diametrically opposite, least u<^v when they meet. 

9. Combine the two given relative velocities and reverse its 
•direction. 


10. 

27 tt and 18i\ m. p. h. 

11. 

188*56 m. p. h. 

12. 

4 n/‘ 2 m.p.h. from N. W. 

13. 

Towards the East, v 

15. 

4 m'/hr. at tan”’^ J S. of E. 



16. 

10 hrs. 12 m. P.M. 

17. 

60 yds. each. 

18. 

From 30® N. of E. 



20. 

75® N. of W., and 15® N. of W. 





CHAPTER IV 


ACCELERATION 
4*1. Change of Velocity. 



Let a particle be moving in any manner. At any two 
instants separated by any interval of time its positions are 
P and Q, and its velocities are u and v respectively along 
the tangents PT and QT' to its path. From any point O 
• •• • draw the straight lines OA and OB to represent those 
. in magnitude and direction. 

i'iiun the line AB from A to B, joining the extremities 
of OA and OB represents in magnitude, direetion and sense, 
the change of velocity during the interval. 

Complete the parallelogram OABG, By parallelogram 
of velocities, the velocity v, represented by OB,, is equivalent 
to the components OA and 00. Thus while at P the 
velocity of the particle was u represented by OA, after a 
time t, while at Q, its velocity is equivalent to u together 
with another velocity represented by 00. 

Hence during the interval t, a velocity represented by 
OC, has been added to the original velocity to make up the 
final velocity. Thus the change of velocity during the 
interval is represented by OC, or what amounts to the same 
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thing, by the line AB which is equal and parallel to it in 
magnitude and direction. 

4'2. Acceleration. 

The rate of change of velocity of a moving particle is 
defined to be its acceleration. 

Acceleration of a moving point is said to be uniform 
when equal changes of velocity in the same direction take 
place in equal intervals of time, however small these time 
intervals may he taken. 

Let us first of all consider the case when a particle 
•alioays moves along the same straight line, hut with variable 
velocity. For instance, let us consider an engine moving 
along a straight railway line, and suppose its velocity at a 
particular instant to be 10 miles per hour. Three minutes 
later, let its velocity he observed to be 28 miles per hour. 
Then in three minutes, a velocity of 18 miles per hour is 
added to the original velocity in the same direction. 
Assuming the rate of increase to be uniform, the acceleration 
of the engine is 6 miles per hour in each minute, i.e,, feet 
per second per minute, in the direction of the given line. 

It may he noted as above, that the expression for 
acceleration involves two units of time, one involved in the 
statement of the velocity which is being added and the 
•other in the time in which it is added. The two units of 
time may be different, as in the above illustration, or may be 
same, for example the above acceleration may be described 
also as feet per second per second, or ft./sec^ 
(as it is briefly written). In general, in F.P.S system, 
an acceleration will be expressed in ft./sec^, and in C.G.S, 
system in cms./sec^ as units. 

When the velocity of a particle moving in a straight 
line increases, the acceleration is positive, and when it 
•decreases ,the acceleration is negative. A negative accelera^ 
lion is known as retardation. 

Next, let us consider the case when initially a particle 
starts with a velocity in a given direction, but has a uniform 
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acceleration in a different direction. As the velocity added' 
in any time to the starting velocity gradually changes, and' 
is in a direction different from that of the latter, the angle- 
made by the resultant velocity of the particle with the- 
initial direction of motion continually changes, i.e., the 
resulting motion of the particle will be along a curved path. 
An example of this case will be found in the motion of a 
projectile. [See Chapter VI] 

If the acceleration of a moving point be non-uniform, it 
may change either in magnitude, or in direction, or in both. 
In case when the accelerrtion of a moving point is variable, 
the acceleration at any instant may be measured by the^ 
ultimate ratio of the change of velocity in an infinitely 
small time including the instant, to the time, and is in the 
direction m which this change of velocity takes place in the» 
limit when the interval of time considered is infinitely small. 
An example of variable acceleration (where it changes in 
direction only) is in the case of a point moving in a circle- 
with uniform speed [See Normal acceleration, Art. 13*1,. 
Chapter XIII.] 

It may be remembered in this connection that the: 
acceleration of a moving point at any instant has got a 
magnitude and direction, and is thus a vector 
and as such can be represented in magnitude and 
' 111 C'OOlUll by a straight line, like any other vector quantity. 

4'3. Parallelogram of accelerations. 

If a moving point possess simultaneously two uniform 
accelerations represented in magnitude and direction by the 
two adjacent sides of a parallelogram meeting at an angular 
point, they are equivalent to a single resultant acceleration 
for the moving point, which is represented in magnitude and 
direction by the diagonal of the parallelogram drawn from 
that angular point. 

The proof depends on the theorem of parallelogram, off 
velocities. 
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For, let OA and OB represent in magnitude andl 
direction the two eimultaneous uniform accelerations of at. 



moving point. Complete the parallelogram OAGB and join 
the diagonal OG. 

Now whatever velocity the particle might have 
originally, simultaneous velocities represented by OA and! 
OB are added in each unit of time. But these two* 
simultaneous velocities are, by parallelogram of velocities, 
equivalent to a single velocity represented by 00. Hence 
the effect is as if a single velocity 00 were added in a unit 
time to the original velocity of the particle, and 00 thus 
represents the resulting change of velocity of the particle 
in a unit time. Also this rate of change of velocity must 
be uniform. For, at any intermediate instant, say after a 
time V from the initial moment, due to the two given 
accelerations, the simultaneous changes of velocity of the 
particle are given by OA' and OB' along OA and OB 
respectively, where OA'^r.OA, OB' OB. Now if 

00' betaken -r.OC along OC, then as 

it is easily seen from geometry that OA'C'B' is a parallelo- 
gram, and so the two simultaneous velocities OA' and OB' 
are equivalent to a single velocity represented by OG'. 
T^s in any time v the resulting change of velocity is along 
00 and equal to 't.OC. As this is true whatever t may 
be, 00 represents the resultant acceleration of the moving 
point. 
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4*4. Uniformly accelerated motion along a straight 
line. 

The most important case of accelerated motion that we 
have to consider is, when a particle moves always along 
the same straight line with a uniform acceleration. In this 
connection there are three fundamental formulas which are 
extremely important. They are stated as follows ; — 

If a point move along a straight line with a uniform 
acceleration /, and if u and v denote its velocities at the 
beginning and end of any interval of time t considered during 
its motion, and s the distance covered by it during that time, 
then 

(i) V —u +ft 

(ii) s -ut+^ft"* 

(iii) v®«u*+2f8 

The proof of these formulae are given below. 

1. To prove the formula v*u+ft. 

to being the initial and v the final velocity corres- 

f o any interval of time t during the motion of 

: along a straight line with uniform acceleration 
of velocity during the interval t is v — u, and 
this change being at a uniform rate /, 

t 

or v^U'^ft, 

\yA\, To prove the formula s ■■ ut + Jft® . 

Let a particle move along a straight line with uniform 
acceleration /, and let s be the distance described by it in 
any interval of time t during its motion, u being the velocity 
at the thinning, and v, that at the end of this interval. 

As the velocity gradually changes from u to v, the 
average velocity during the interval is something inter- 
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mediate between u and v. Let V denote its velocity at the 
middle of the interval, Le. at time ~ » so that 

V ••• (i) 



u V-/a: Y V+/r v 


X seconds before the middle instant, the velocity is 
evidently V-fx {f being the uniform rate at which the 
velocity increases), and in an extremely small interval of 
time there, the distance travelled by the particle is practi- 
cally 

X seconds after the middle instant, the velocity is 
V+fXt and in an equal small interval t here, the distance 
travelled is ultimately (F +/a 5 )t'. 

Thus the total distance described during these two equal 
small intervals ^ is 

(F-/a;)T + (F+/a;)r«2Fr. 

and is the same as if the velocity were F during both these 
intervals. 

As the whole time t can be divided into such pairs of 
equal small intervals equidistant from the middle instant, 
and as for each such pair the above conclusion holds, 
the actual distance travelled during the whole interval t 
is the same as Mf the velocity were F from beginning to 
end. F therefore represents the average velocity during the 
interval. 

Hence s— Fi 14+/^ + 

Alternative proof. 

Let a particle move along a straight line with uniform 
acceleration /, and let s be the distance described by it 
in any interval of time t during its motion, u being the 
initial and v the final velocity during this interval. 
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Let ns divide the whole time t into n equal parts, each 

equal to “ • 
n 

The velocities, of the particle at the beginnings of these 
successive intervals are clearly 


Ut ti +/ * * u + 


2ft 


u + 


in - l)ft 


Hence on the assumption that the velocity of the 
particle during each of these intervals were uniform and 
equal to that at the beginning of the corresponding interval, 
the total calculated distance that would be covered 
by the particle is 

Si * u ^ + (u + / " ) ^ + ('IA+ ^ + ••• to n terms 

n \ n / n \ n / n 

= *' 2(1 + 2 + 3 + --- ton-1 terms) 

n n 




=-nt + 



n(n- 1) 
2 



.:..iiy the total distance that the particle wouldl 
as calculated on the assumption that during each 
of the above intervals the velocity of the particle werer 
uniform, and equal to that at the end of the corresponding 
interval, is, 

52 u+f - \ - + [u + ^~\ - + ••• to n terms 
\ n f n \ nfn 

» — • n + 2 + 3 + ••• to n terms) 
n 


2 
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As actually during each interval the velocity gradually 
changes from its value at the beginning to that at the end, 
it is evident that the actual distance s is intermediate* 
between Si and S21 and this is true whatever value n may 

have. Making n infinitely large, - ultimately vanishes and 

n 

Si and 52 coincide, each being + Now s remaining 
always between Si and 52* must coincide with this com- 
mon value. 

Hence + 


Proof by graphical method. 


Let a particle move along a straight line with uniform acceleration 
/, and let u be its initial velocity, v its velocity after time f, and 5 the* 
distance travelled over during this time. 


Let two mutually perpendicular straight lines OX and OF be taken* 


as axes of reference, and let 
time be measured along OX and 
the corresponding velocity of 
the moving particle along OY, 
OA’^u along OY represents 
the velocity at zero- time. At 
any time f, represented by ON^ 
the velocity v being represented 
by the corresponding ordinate 
PNt we have, PN^v^u+ft 
--OA-¥ft 

AL being drawn parallel to 
ON, PL^ft. 



tan PAL 


AL t 


a constant independent of t» 


Hence LEAL is fixed for all positions of P, 

i.s. the velocity-time graph of the moving point is here a straight^ 
line AP, 

At any time represented by OM, the velocity is given by QM, and 
alter a short interval MM*, it changes to Q*M', If MM* be infinitely 
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small, Q'M* is very nearly equal to QM, and we can take both of thtm 
niltimately equal to ^{QM+Q^M), Hence the distance described in 
time MM* is graphioaly represented ultimately by i{QM’hQ*M*),MM* 
4,0, by the area of the trapezium QAT. Similarly the distance travelled 
•during the next infinitesimal interval M*M** is given graphically 
by the area of the trapezium Q*M‘\ and so on. 

Thus the total distance travelled by the particle during the interval 
(-oOJV), is given graphically by the area of the trapezium 
'Which 

— rectangle 0-4 triangle APL 
--0A.0N+\,AL.PL 

Cor. The average veloeity of a particle moving along a straight 
dine with a uniform acceleration during any interval of time 

a (i) the velocity at the middle of the interval 
a (ii) the mean of the initial and final velocities. 

For in this case, 

average velocity ■=* y “ ^u+ift 

__ 2w+ ft _u-h{u+ ft) _u+y 
" 2 ” 2 “ 2 ■ 

III. To prove the formula v® — u® + 2f s. 

Let a particle be moving along a straight line with a 
Tuniform acceleration /, and let u and v be its velocities at 
the beginning and end of any interval t during its motion, 
e being the distance passed over during this interval. 

Then we know that 
and « — + 

Hence ••{u +/i)® “ w* + * 

-w* + 2/(te^ + 
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4*5.^Spac6 described in any particular second. 

u being the initial velocity of a particle moving along a 
straight line with a uniform acceleration the space sp 
described during the second may be obtained by taking 
the difference of the total space described in t seconds and) 
the total space described in ^ - 1 seconds,, both secknonedi 
from the initial instant. 

Thus 

- u+if(2t-l). 

4*6. Illustrative Examples. 

Ex. 1. A bullet passes through a wall 9^ inches' thick and Us 
velocity changes from 1200 to 800 ftlsec. therehyi Find the time- 
required by the bullet to pass through the wall, and the velocity when 
half the wall is penetrated. [C. U. 1942]t 

Let / be the retardation in ft-seo. units to I the motion of the bullet 
due to the resistance of the wall, supposed uniform^ 

Then, from the given condition, 

800’ - 1200* - 2 X/X 

or 1'6/ =1200* -800* ••• (i) 

Now t secs, being the time taken by the bullet to pass through the* 
wall, 

800-1200-/^ 

or /t«1200-800 ... (ii) 

Dividing (ii) by (i) 

fB "'1200+ 800 °* ^“2000“ 

Again, if v denote the velocity when half the wall i. e. 4*8 inches- 
( » *4 ft.) is penetrated , 

o®-12C0*-2x/x*4 

* 1200* - J(1200» - 800») [ from (i) ] 

- 400«<9 - J(9 - 4)} - 4 W X V 

.*. 400 200 1020 ft/aeo. nearly*. 
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Ex, 2. A j^ariicle moving along a straight line with uniform 
acceleration, describes 7 feet .during the 6*^ second of its motion, and 
ultimately comes to rest after some time* 'If it describes is\th of the whole 
distance during the last second of its motion,^find how long it was in 
motion, and also its initial velocity. 

Let u be tbe initial velocity and f the acceleration of the particle 
in ft. -sec unitSi and t secs, the time for which it was in motion. 

Then from the given conditions, we get, 

7 = w+i/(2.5-l) = w+^- — (i) 

0 = w+/i — — (ii) 

and - - 0“) 

JFrom (iii), using (ii), we get, 

ft.) = 

.*. ^^*64. i = 8 secs. 

:Now from (i) and.(ii), subtracting, 

,7 = .^-8/=- ’I 
/. /= -2 ft. -sec. units. 

(Hence ft/sec. 

FiX. 8. A train travels from a station A to a station B from rest 
J 4 , rpM. At a point C, somewhere between A and B it attains its highest 

::iiles per hour. If it travels with uniform acceleration from 

zvith uniform retardation from C to B, find the distance 
between A and B, if the total journey takes 10 minutes. 

Let f I he the acceleration from 4toC,/a the retardation from 
C to B. Also let 3 i and f I be the distance and time from A to C, and 
fla and t^ those from 0 to JB. 

Using mile and hour as the 'Units for distance and time, we get, 
:since velocities at A and B are zeroes, 

60*=2/,8» 

and 0-60-/a«.„ 0-60’ -2/^8, 

•00 . 60’ 

•• '*"/.’ - 2/. 

, .60 . _60* 
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/. 60 ^ “total time of journey = ^ 

60* /I 1 \ 

and ^ “*“^2 total distance from to B 

fift 

* . dividing, 6a = — = 30 
or s = 5 miles. 


Ex. 4. One motor cycle M I stands 10 yds, in front of another M.^, 
Both start from rest ; if ikf ^ moves off with uniform acceleration of 4 ft. 
per sac.®, and runs with a uniform velocity of 10 ft. [sec. ^ is it 
possible for to overtake M^? 

What happens^ if runs at a uniform rate of 16 ft, I sec, ? 


10 yds. — 30 ft. is the distance is ahead of M'.j . In the 
first case, after t secs, from start moves through a distance 

Jx4x<* =2^* feet, and Ma moves over a length 10/ feet. Hence the 
distance between them is 


30 +2/* -10/. 

If Mi is to overtake M,, this should be zero. 

Thus 30+2/®-10/ = 0 or /®-5/+15 = 0 

The corresponding values of / « Z are imaginary. 

£ 

Hence there is no real time when M.^ can overtake M ^ , in other 
words, Mi will never overtake M^, 

In the second case, the distance travelled by M^ in / secs, being 
16/, the time when M^ can overtake Mi will be given by 
30+2/»-16/“0 or /»-8/+15“0 


giving real values of /, namely 3 and 5 secs. The meaning of the 
double answer is that 3 secs, after start M, will overtake Mi and 
leave him behind, but the velocity of Mi continually increasing, after 
a further period of 2 secs. (i.s. at 5 secs, from start), Mi will again 
overtake Ma , and finally leave it behind, never to be overtaken by it 
any more. 

Thus in this case Mt meets Mi twice during the motion. 
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Examples on Chapter IV 

A body has a velocity of 15 ft.-sec. units at a certain 
instant and 10 secs, later has a velocity of 45 ft.-sec. units. 
If the velocity changes uniformly, find the space described. 

V 2. A tram car has its velocity uniformly increased from 
10 ft. per sec. to 20 ft. per sec. while passing over 50 ft. 
Find the acceleration. 

A train travelling 30 miles an hour is brought 
uniformly to rest at a station j% li minutes. At what 
distance from the station were the brakes applied ? What 
was the retardation in ft. per sec. per sec. ? 

Vx 4. A ball rolling down a slope with uniform accelera- 
tion pasbOB three posts driven in the ground at equal 
intervals. The velocities when passing three successive 
posts^ are x, y, z. Prove that oj*, are in A. P. 

/ "6. A bullet fired into a target loses half its velocity 

after penetrating 3 inches. How much further will it 
penet;:ate ? [C. C7. 

A particle starting with a given velocity moves for 
3 secs, with constant acceleration during which time it 
" hcs 81 ft. ; the acceleration then ceases and during the 
• s., it describes 72 ft. Find its initial velocity and 
::on. [U. P. 1939] 


\yi, A particle starts with an initial velocity u and 
passes successively over the two halves of a given distance 
with accelerations / and /' respecjfVely. Show that the 
final velocity is the same as if the whole distance were 
traversed with uniform acceleration [C. U, 1940] 

V^. A cat, seeing a mouse at a distance of 15 ft. before 
it, starts from rest with an acceleration of 2 ft. per sec. per 
sec. and pursues it. If the mouse be moving uniformly with 
a velocity of 14 ft. per sec., find when and where the cat 
will 6atch the mouse. 

A train is observed to take 50 sec. to pass from A to 
B a distance of \ mile* and again to take the same time to 
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pass from B to 0, a distance of i mile. Find the velocities 
at A and 0 in miles per hour, assuming that the accelera- 
tion the train is uniform throughout. 

vlTo. The Bombay mail starts from Howrah and stops at 
Burdwan. The velocity increases uniformly till it reaches 
a maximum velocity V and then decreases uniformly. Show 
that the time taken by the train to run from Howrah to 

Burdwan is where x is the distance between t!he two 
statipns. 

vii- A train travels from a station X to a station Y in^ 
46 minutes. At a point somewhere between X and F, it 
attains its maximum velocity of 46 miles per hour. If it 
travels with uniform acceleration from X to Z and uniform 
retardation from Z to F, find the distance between X and F, 
it being supposed that the train starts from rest at X and 
comes to rest at F. [C. H* 1^36\ 

V-I2. A train running with uniform acceleration passes by 
two stations A and B wih velootties u and v. Is the 
velocity of the train tAlf 41)^6 eqaal to, greater than or 
less than the velocity half-lMqir ? 


^•13. A point is moving uniform acceleration ; in the 
eleventh and fifteenth secoiialfrom the comcaencement of the 
motion it moves through 730 and 960 centimeters respec- 
tively. Find the distance covered by it in 20 secs. 

" [C. U. 1937\ 

^14. If a, 6, c be the spaces described in the pth, ^th and 
rth Seconds by a body starting with a given velocity u and 
moving with uniform acceleration /, show that 

o(g-r) + 6(r-2>) + c(i>-g)-0. [U.P. 19401 

\yi&. A train stopping at two stations 2 miles apart 
4 minutes on the journey from one of the stations to the 
other. Assuming that its motion is first that of uniform 
acceleration x and then that of uniform retardation y, prove 

J + iO.XJ, 19841 


4 
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a mile and a minute being the unit of distance and time 
respectively. 

\yi». In a racing competition two cars §tart off together 
from the same point with velocities ux and U 2 and move 
along parallel lines with accelerations fx and respectively. 
If they reach their destination at the same time, show that 

the distance traversed is , 

Vl7. A train travels from rest at one station to rest at 
another (in the same straight line) distant d it. It moves 
for first part of the distance with an acceleration of a ft. per 
sec^ and for the remainder with a retardation of 6 ft. per 


sec 


Show that it will accomplish the journey in . 


secs. 


[G. U, 1946] 


vis. If'Uti '^21 ^^3 be the average velocities in three 
successive intervals of time txf ts of a point moving in a 
straight line with uniform acceleration, show that 


Vx •-V2 

V2 ““ ^3 ^2 + ^3 

V}. A bicyclist running with a uniform velocity of 20 ft. 
is 84 ft. behind an engine, which is just starting 

i- 3 t with a uniform acceleration of 2 ft. sec. units. 

When will the cyclist meet the engine ? Explain the double 
answer. 

y^O. An express train is overtaking a goods train on the 
same line, their velocities being Ux and U 2 respectively. 
When there is a distiince x between them, each is seen 
from the other. Prove that it is just possible to avoid a 
collision if (lii - wa)* “2(^i +/ 2 )a?, when /i is the greatest 
retardation and /a the greatest ^acceleration which can be 
produced in the two traitis respectively. 

trains on the same line are approaching one 
with velocities u\ and m respeotively. When there 
is a flihtance x between them each is seen from the other. 
FrCve that it is just possible to avoid a collision if 

ttiVa+wsVi-Vi/s* 
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where /i and /2 are the greatest retardationis which the 
brakes can produce in the respective trains. 

V 22 . Two particles P and Q start together and move from 
the same point A along the same line AB. P has a uniform 
velocity of 20 ft. per sec. and Q a uniform acceleration of 4 ft. 
per sec^ and no initial velocity. Find when and where 
they meet again. Before they meet again^ find when the 
♦distance between the two will be maximum and what is the 
onaximum distance. 


^23. A particle is projected in a straight line with a 
•certain velocity and a constant acceleration. One second 
later, another particle is projected after it with half the 
velocity and double the acceleration. When the second 
particle overtakes the first, the velocities are 31 and 22 ft. - 
«ecs. respectively. Prove that the distance traversed is 
48 ft.. 


Z4.‘ If a point moving under uniform acceleration des- 
<cribes successive equal distances in times ^ 1 , ( 2 $ then 
1 1 . 1 _ 3 


tx 1% 


il+t2+^3 


25. A train starting from Sealdah stops at Hanaghat. It 
moves with uniform acceleration for the first quarter of the 
journey, with uniform retardation for the last quarter, and 
with uniform velocity during the middle half of the journey. 
Show that the average velocity of the train is J of its 
maximum velocity. 

26. A bus starts from «rest with an acceleration of 1 ft. 
iper seo^. Show that a passenger who can run at the rate 
•of 9 ft. per sec. cannot catch the bus if he is 'more than 
40i ft. behind it. 

A train travels in 6 minutes a distance of 2 miles 
between 2 stations, starting at rest and finishing at rest. If 
it moves with uniform acceleration for the first two-thirds 
of its journey and with uniform retardation for the 
Temainder, find the acceleration, the retardation and the 
maximum velocity. 

A distance s is divided into n equal parts at the end 
of each of which the acceleration of a moving particle is 
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increased by ftn ; shew that the velocity of the particle after- 
describing the distance is 

where / is the initial acceleration of the particle starting: 
from rest. 


Mi. The velocity of a train increases at a constant rate- 
/i from 0 to V, then remains constant for an interval, andl 
finally decreases to 0 at the constant rate/ 2 . If x be the- 
total distance described, prove that the total time taken is / 


V 2 



30. A body moves in a straight Ime AB and its distance- 
from A after t secs, is s ft. If s and t satisfy the relation 

5 » 0*25 i + 0*375t*, for all values of t 

prove from definitions only (without assuming any formula)' 
that the acceleration is uniform. 

Find also, (i) the velocity at the- end of 4 secs. 

(ii) the average velocity during the 4th sec. 

ji. A constable seeing a thief at a distance x ft. starts 
with velocity u and moves with acceleration a in order to* 
catch him, whilst the thief runs with acceleration /3,. 
starting from rest. Show that the constable will overtake' 

the thief either if a > or if a < < 0 + 

Two particles move in the same straight line with 
constant accelerations / and /I If their velocities be u and 
u at a certain instant when they are at distances a, and a' 
from son^e fixed ppmt oh the line, prove that they cannot 
pass e§oh other more than twice ; and if they do so twice,, 
the inteiral between the two times of passings is 

[C. O’. 19m 




ACCELERATION 


55 


Answers 

1. 300 ft. 2. 8 ft/aec*. 8. f mile ; H ft/ sec*. 

:6. 1 inch. 6. 80ft/fleo; -2 ft/sec*. 

8. After 15 sees, at a distance 225 ft. from its starting point. 

9. 27 miles/hr. ; 63 milea/hr. 11. 16^ miles. 

12. Less (if acceleration be positive). 18. 13800 

19. 6 secs. ; Usees. 

22. After 10 secs, from start, at a distance 200 ft. ; 5 secs, from 
«tart ; 60 ft. 27. H ft/seo* ; U ft/seo* ; 40 miles/hr. 

80. (1) 3*26 ft/seo ; (2) 2‘875 ft/seo. 



CHAPTER V 


RECTILINEAR MOTION UNDER GRAVITY 

5*1. Acceleration due to gravity: 

If a heavy body is dropped from any height, it falls-* 
vertically towards the earth, and it may be noticed that its 
velocity, which is initially zero, continually increases as it* 
falls, or in other words, it falls with an acceleration. This 
phenomenon is attributed to the attraction of the earth on 
the body, which goes by the name of earth’s gravitation. 

Now if observations be jnade by dropping it from» 
different heights** and the corresponding times of reaching, 
the ground be noted by a stop watch, it will be found that;, 
the distance through which the body falls from rest is pro- 
portional to the square of the time of falling, in other words, 
But this is only possible when the acceleration of 
the falling body is uniform, (which can be proved even from 
fundamental considerations, using definitions only, without 
-- ‘•Ming any formula). We thus conclude that when cu 
dropped, it falls vertically towards the earth with a 
acceleration. 

If again, two different bodies, say a heavy piece of stone= 
and a light bit of paper, be dropped from the same height, it 

'*Towards the close of the 16 th century, Galileo for the first time- 
performed this experiment in a modified form. In order to avoid the- 
difficulty of observing the time which is extremely short in the case of 
a freely falling body, he allowed a sphere to roll down along an inclined 
plane, and noted the times of describing different distances markedi 
along it, when he found results similar to the above case to hold, and' 
concluded that acceleration of the body down the plane was 
uniform. Repeating the same experiment with different inclinations, 
of the plane to the horizon, he finally deduced the conclusion in case; 
of vertical falling. 
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is usually observed that the heavier body reaches the ground 
quicker than the lighter. This difference however is due to 
the resistance of the surrounding air. The well-known 
Guinea and Feather experiment of Newton (in which a Guinea 
and a feather were observed by dropping then simultaneously 
from the same point inside a long glass tube from which 
air had been pumped out previously by an air pump) 
clearly demonstrated that in the absence of air resistance, 
different bodies dropped from the same height reach the 
ground simultaneously, and as each moves with a constant 
acceleration as mentioned before, it follows that at the 
same place on earth this acceleration is the same for all 
falling bodies. 

When a body is projected upwards, it is observed that its 
velocity gradually diminishes, or in other words it possesses 
an acceleration in the opposite direction, i.e., vertically 
downwards, the magnitude of which is the same as that of 
a falling body. 

The above experiments, as also more careful and 
accurate experiments of modern times lead finally to the 
following conclusions : 

A body free to move under tbe influence of earth-s 
attraction, whether rising or falling, possesses a uniform 
acceleration which is vertically downwards, and this 
acceleration is the same for all bodies at the same place on 
the surface of the earth. This vertically downward accelera- 
tion is defined as the acceleration due to gravity, and is 
always denoted by ‘‘g”. Its value has been determined 
accurately by vatious methods, among which mention may 
be made of the well-known pendulum experiments. It is 
found to vary slightly from place to place on the surface of 
the earth, from 32*091 ft/sec^ at the equator to 32*252 ft/sec* 
at the poles.* For numerical examples, this value in round 
figure is taken as 32 ft/sec ^ or 981 cms/sec^. 


‘‘‘This is due to the attraction of the earth being different at different 
distances from its centre, and the earth being not exactly round, but 
slightly flattened at the poles. 
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5*2. A body moving vertically downwards. 

Taking the downward direction as positive, any problem 
in this case can be worked out with the help of the standard 
formulas for uniformly accelerated motion in a straight 
line, only replacing / in the formulae by g in this case. 

For instance, if a body be dropped from a height h above 
the ground, the time taken to reach the ground is given by 

or 

and velocity on reacting the ground is given by 
v^^2gh, or V- ^/2gh 

which will be referred to as the velocity due to a fall 
through a height Ji, 


5*3. A body projected vertically upwards. 

In this case, taking the upward direction as positive, in 
the formulae for uniformly accelerated motion in a straight 
line, / is to be replaced by -g. 

Let u be the velocity with which a body is projected 
vertically upwards. As it rises, its velocity gradually 
si 1 os, until it becomes zero, when the body is at its 
•’eight. After this the body begins to fall with a 
..V increasing velocity. 


(i) Greatest height attained and the time of rise : 

Let H be the greatest height attained by the particle, 
and T the time to the greatest height. 

Then, Q^u-gT 

and 0^u^-2gH 


T- 

g 




(ii) Time of fall ^ and the velocity on reaching the ground 
again: . 

Wtosn the particle begins to fall, it is at a height 




aboVe the ground, and its velocity is zero. 
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Taking the downward direction as positive now, the 
acceleration is + g. If T' be the time of fall, and v be the 
velocity on reaching the ground again, wo get 

and V® =2. g. ^ 

Thus 'or 

and or T'» - “ T. 

9 9 

Thus for a body projected vertically upwards, 
the time of rise * the time of fall 


the velocity on reaching the ground again 

=* the initial velocity of projection. 


(iii) Time to a given height. 


Let a body be projected vertically upwards with a 
velocity and let t bo the time at which it is at a given 
height h from the starting point. Taking upward direction 
as positive, the acceleration of the body is — g. 

Hence, h^ut'^igt^ or igt^ -ut + h^O, 

u± u Ju^-^gh^ 

• . C *■ "" i * 

9 9 9 


Note. The reason for this double answer is that the body is at the 
same height h twice, once on its way up, the time for which is less 

than ~ * and once on it way down for which the time is greater than 
9 


u. 


The difference of the two times above from — being the same, it 

9 


is once more demonstrated that the time from any point on the path to 
the greatest height, and the time from the greatest height hack to the 
same point are egual. 

Again, if A > the above values of t are imaginary, showing 
that the particle does not attain any height greater than ~ 
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(iv) Velocity at any height. 

In case of a body projected vertically upwards with a. 
velocity w, if v be its velocity at a height h above the 
starting point, we get, taking the upward direction as- 
positive, 

-y* = 

or v=±Ju^-2gh. 

Note. The positive sign gives the velocity on its way up through 
the point, and the negative sign that on its way down, showing that 
at the same point of its ^ath^ the magnitude of the velocity is the same- 
whefn fallin>j as vihen rising. A particular case of this is that when 
reaching the starting point again the velocity is the same as the* 
velocity of projection, as has been proved before. 

5*4. Illustrative Examples. 

Ex. 1. From a balloon ascending with a velocity of 32 ft.Jsec.f 
a stone is let fall and reaches the ground in 17 secs. How high was the 
balloon when the stone was dropped ? [B, H. U. 1981] 

' ^ instant when the stone was dropped, it was moving with 
• fthe balloon, namely 32 ft/seo upwards, i.s. — 32down- 

.. .m! its acceleration, when free, was gf=32 ft/seo* downwards. 

Hence, h being the height of the balloon at the instant in question, 
this distance is described by the stone in 17 secs. 

/. -32x 17+Jx 32x17* 

= 4080 ft. 

Ex. 2. A stone is dropped into a well and the sound of the splash 
is heard in 7ffi seconds. If the velocity of sound be 1120 feet per second y 
find the depth of the well. ' \JJ. P. 1939] 

Let h ft. be the required depth of the well, and t secs., the time' 
taken by the stone to faU to the water surface, so that sound takea 
(7fa-t) seoe* to travel the depth of the well. 

Then 

or 16<*-112O(iJ-0“O 
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i.e. +70^--7x77«0 or (^— 7)W+77)=0, giving < = 7 seos. (rejecting 
the negative value as inadmissible) 

h=4 x 32x7® -784 feet. 

Ex. 3. A and B are projected vertically upwards at the same instant 
with velocities 26 and 200 ft, per sec, respectiveVy, A from the top 
and B from the bottom of a vertical cliff , 300 ft, high. Find where 
they will meetj and the directions of their motion at the time of meeting, 
b=32]. 

[B. IT. 17. 1932^ 

Let t secs, be the time after which the bodies meet. In this timo 

moves upwards from the top through a distance 25< — lu 
the same time B moves upwards from the bottom through a distance 
200^-ipf®. Thus 

(25i - \gi‘^) + 300= 200i - 
secs. 

Hence the point where they meet is at a height 
200X y- I x32^y j’'=iy?®=296-Sft. from. the bottom- of the cliff.! 

At this instant A moves upwards with a velocity 
26-32X V=-29^ ft./sec. 

f. e, it is really then moving downwards. 

Also the motion of B upwards is then 200 — 32 x V which is posi- 
tive. Thus, when they meet, A is moving downwards and B upwards* 


Examples on Chapter V (a)' 

{Vertical motion) 

1. A particle is projected vertically upwards from a 
point with a velocity of 80 ft. per sec. ; find what time 
elapses before it is at a height of 96 ft. When will it bo 
96 ft. telow th^ point of projection ? 

i, A stone is projected vertically upwards with a 
velocity sufficient to carry it to a height of 60 ft. ; find ita 
velocity when it is half way up. 
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If the projected stone rises to a ‘ height of 19‘62 metres, 
what is its time of ascent ? 


8. A ball is thrown vertically upwards. Prove that 
it will be at half its greatest height after times whose ratio 
is 3 + 2 /v/2 : 1. Prove also that the times occupied in the 
two halyes of its ascent are approximately as 41 : 100. 


A particle is projected upwards, from the ground, 
rand after some time it is seen at a height 21 ft. falling 
•downwards with a velocity of 16 ft./sec. How long before 
this was it moving upwards through the same point and 
what was its velocity then ? Find also the time from start 
to the highest point. 

A ball is projected vertically upwards from the top 
of a tower with a velocity of 64 ft./sec.» and reaches the 
ffoot (A the tower in 6 secs. ; find the height of the tower. 

V6. From a balloon at a height of 456 ft. above the 
ground, a bundle of paper is dropped. When will the 
•bundle reach the ground if the balloon be (i) ascending 
(ii) decending with a uniform velocity of 20 ft. per sec. ? 


'• cricket ball is thrown vertically upwards ; find 
• wit distance it goes in the last half second of its 


A particle after falling freely for some time under 
the action of gravity is observed to pass through 768 ft. in 
4 secs. ; how far will it fall in the next 4 secs. ? 

A particle falling under gravity describes 80 ft. in a 
certain sec. ; how long will it take to describe the next 
80 ft. ? 

\/io. A stone falling from the top of a house was found to 
take i sec. in passing against a door 8 ft. high, situated at 
the base of the house. Find the height of the house. 

11 . A body falling freely from the top of a building is 
observed to pass through |ths of the height of the building 
in the last second of its motion. Find the height of. the 
itower. 
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\y(2. A person at the top of a tower projects a body 
vertically upwards with a velocity of 96*6 ftjsec. ; 4 seconds 
afterwards he lets drop a second body and both reach 
the ground simultaneously. Find the height of the tower 
and the time during which the second body was falling. 

[0. U. 1937] 

[Take (^ = 32*2 ft./sec’.] 


V^8. 


18. A stone P is thrown vertically upwards with a 
velocity of 78 ft. /sec. from the top of a high monument, and' 
after 3 secs, another stone Q is let fall from the same point. 
Find when and where will P overtake Q. 




A stone is let fall from a height of 50 ft. above the- 
ground. At the same moment a ball is projected upwards 
from the ground with a velocity of 40 ft./sec. in the same- 
vertical line. Show that they will meet midway, and find 
the time of meeting. 

V^B. A ball is thrown vertically upwards with a velocity 
of 128 ft. per sec., and after 2 secs., another ball is projected 
from the same point and with the same initial velocity. 
When and where do they meet ? 

P and Q are two points in the same vertical line, 
P being above Q. A heavy particle is proj:ected vertically 
upwards from Q with a velocity which will just carry it to- 
P and at the same time a heavy particle is dropped from^ 
rest at P. Show that when the particles meet, their 
velocities will be equal and opposite, and the spaces passed* 
over by the particles will be as 3 ; 1. [C. U. 1939] 

A stone falling from |ihe top of a vertical tower has 
descended x ft. when another is let fall from a point y ft. 
below the top. If they fall frdm rest and reach the ground 

together, show that the height of the tower is 

V/i8. A ball is dropped from a point 324 ft. above the 
ground and after it has fallen 64 ft., another is thrown down« 
from the same point, so that both reach the ground at the: 
same instant. Find the initial velocity of the second ball. 


“• 

10. o. im]i 
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^9. A balloon is ascending vertically and at a height of 
1500 ft. a stone is released. If the stone reaches the 
ground in 10 secs, find the height through which the stone 
-rises immediately aifter the release. 

20. If a bomb, dropped from an aeroplane rising verti- 
cally with uniform velocity, reaches the ground in 5 secs., 
find the height of the aeroplane when the bomb reaches the 
ground. 

^21. A lift is ascending with a uniform acceleration of 
4 ft. per sec^. At the end of 20 secs, a ball is dropped from 
it. Find the time that elapses before the ball reaches the 
ground. 

A stone “falls ireely for 3 secs, when it passes 
rthrough a sheet of glass and loses half its velocity and then 
reaches the ground in i sec. ; find the height of the glass 
Tahove the ground. 

V/^3. A, B, 0, D are points in a vertical lino, the lengths 
AB, BC, CD being equal. If a body falls freely from 
prove that the times of describing AB^ BG, CD are respec- 
tivf^ly as 

1 : V2 - 1 : -s/3 - ^/2 

Intone is dropped into a well and the sound of its 
striking the water is heard in 2f i secs. If the velocity of 
sound be 1120 ft. per sec., find the depth of the well. 

^ [C. U. 1932] 

y 26. A stone dropped into a well reaches the water with 
^^elocity of 80 ft. per sec. and the sound of its striking the 
water is heard in 2?^ sees, after it is let fall. Find the 
velocity of sound. 

A stone dropped into an empty pit of depth h is 
heard to strike the bottom after t secs. Prove that 


2h\ 




where ^ is the velocity of sound supposed so large 

^ \ * 

»comj?ated with fc that I -,) oan.be neglected. [C. U. 1933] 
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27. A rocket ascending vertically from th^ ground with 
an initial velocity of J2gy ft. per sec. explodes when it 
reaches the greatest height and the interval between the 
sound reaching the place of starting and a place distant x ft. 

from it, is ^ th of a second. Show that the velocity of 

sound is n( - y) ft. /sec. 

28. Three particles are simultaneously projected verti- 
cally upwards from heights /ii, hz above the ground, 
with velocities U 2 and us respectively, and all of them 
reach the ground at the same instant. Prove that 

^3) + ^2(^3 " hi ) + Uz { h ^ - 7^2) “ 0 . 

29. A ' particle thrown vertically upwards takes t secs, 
to rise to a height h and t' secs.' is the subsequent time to 
reach the ground again. Show that h « igtt\ 

30. Prom an aeroplane rising vertically with uniform 
acceleration /, a ball is dropped ; 4 secs, after this another 
ball is dropped from the aeroplane.. Show that the distance 
between the two balls 2 secs, after the second ball is 
dropped is lQ{g +/). 

31. Two particles are projected, from the same point 
at the same instant with the same velocity, one vertically 
upwj^rds, the other vertically downwards. The first takes 
tx secs, to reach the ground, and the second ^2 secs, to 
reach it. Prove that either of them falling freely down- 
ward from the same point reaches the ground in 
Jiit 2 secs. 

yyti. A man in a lift ascending with an acceleration 
f ft./sec* , throws a ball vertically upwards with a velocity 
<0 ft. per sec. relatively to the lift, and catches it again in 

i secs. ; show that [C. U, 1944] 

33. If a particle takes t seconds less time and acquires 
a velocity v ft/sec. more at one place on the earth’s surface 
than at another in falling freely through the same height, 
show that the geometric mean of the numerical values of g 

. V 

at the two places is • 
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Answers 

1. 2 8608. and 3 8ecs* ; After 6 sec8. from start. 

2. 40 ft./8eo. ; 2 8ec8. 4. 1 8eo. ; 8eos. 

5. 192 ft. 6. (i) 6 8608. (ii) 4i boos. 7. 4 ft. 8. 1280 ft. 
9. ^11-3 8608. 10. 20ift. 11. 36 ft. 12. 257*6 ft. ; 4 8608. 

13. After 6 seo8. from the etarting of Q, at a depth 400 ft. from the 
starting point. 14. Ij aeos. from start. 

15. 3 secs, after the seoond ball is projected, at a height 240 ft. 

18. 89*6ft./seo. 19. 1* ft- 20. 400 ft. 21. 10 secs. 

23. 28 ft. 24. 100 ft. 25. 1200 ft./seo. 


5*5. Motion on a smooth inclined plane. 

Let XYZ be a smooth inclined plane, inclined at an 
angle a to the horizon. P being any point on it, let BP A 



B 



Fig. (i) 

be the section of it by jbhe verti- 
cal ' plane through P containing 
the normal to the plane. This 
line BP A, which is evidently 
perpendicular to the line of 
intersection YZ of the inclined 
plane with the horizon, is defined 
as the line of greatest slope 
through P along the plane, for, 
from Geometry, , it is easily 
proved that the inclination of 
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this line to the horizontal plane, which is clearly a, is 
greater than that of any other line through P on the plane. 
Figure (ii) shows the plane of the section in question. 

Now if a particle be situated at P on the plane, the 
vertical acceleration due to gravity, g, with which the 
particle would fall freely in absence of the plane, may be 
broken up, by the principle of parallelogram of accelerations, 
into two components, one g cos a normal to the plane, and 
the other g sin a along the line of greatest slope PA on the 
plane. The plane prevents any motion perpendicularly 
through it by producing a normal reaction which nullifies 
the effect of the normal component of acceleration g cos a. 
Hence the only component of acceleration with which the 
particle will move on the plane is g sin a down the plane 
along the line of greatest slope. 

Any problem therefore , of rectilinear motion of a particle 
either upwards or downwards along a line of greatest slope 
on a smooth inclined plane may be worked out with the 
help of the usual formulas for uniformly accelerated motion 
in a straight line by replacing / hy + g sin a or -^g sin a 
according as the downward or the upward direction is taken 
as positive. 

Note. In considering the rectilinear motion on an inclined plane 
along the line of greatest slope, the length of this line of greatest 
slope will be referred to as ‘*the length of the inclined plane”. Also 
the height of the topmost point of the plane is called the height of 
the plane. If now h and I be the height and length of an inclined 

plane of inclination a to the horizon, it is evident that sin a* ^ • 


5*6. Body sliding down a plane. 

Let a body be allowed to slide down from the top of a 
smooth inclined plane of length I and inclination a to the 
horizon. Taking the downward direction as positive, the 
acceleration down the plane is g sin o. If t be the time to 
slide down, and v be the velocity acquired on reaching the 
bottom, 

5 
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we have 


sin or ^ — 

V g sin a 

and « 2g sin a.Z, or J ^sin cT. 

}i 

Cor. If Tibe the height of the plane, since sin a «■ y » we can 


write «y 2^, showing that if from the same height, particles be 
allowed to slide down different inclines, the velocity on reaching the 
ground is the same in all oases, and equal to that acquired in falling 
freely through the same height. 


5*7. "Body projected up an inclined plane. 


Let a body be projected with a velocity u from the 
bottom of an inclined plane of inclination a to the horizon, 
along the line of greatest slope. 

Taking the upward direction along the line of greatest 
slope as positive, the acceleration along it is - g sin a. Let 
L be the length described by the body when it is at the 
greatest height attainable, i.e. when its velocity is zero, and 
’ V' ‘ : the corresponding time. 

sin a. T 

and 0 - 2 g sin a. L 



Cor. 1. If H be the vertical height from the ground in the above 
case when the velocity of the particle is zero, we get • 

H-Lslna-g. 

Hence if different bodies be projected upwards along different 
Inbliiies with the same starting velocity, they rise to the same height 
in every ease, the height being the same as attained by a particle 
projeoUd^ vertically upwards with the same vdocity. 

Cor* After reaching the greatest height attainable On the plane, 
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-the particle will again slide down, and' just as in the case of vertical 
•motion we can show in this case also that 

time of rise *= time of fall, 

And the velooity on reaching the starting 'point again ^ the initial velocity 
•of projection. 


.5*8. Motion down a chord of a vertical circle. 


The time taken by a body to slide down any smooth chord 
iof a vertical circle, starting from rest at the highest point of 


the circle, is constant. 

Let 45 be the vertical dia- 
meter of a vertical circle, so 
that A is the highest point of 
the circle. Let AP be any 
chord of the circle through 
A, assumed perfectly smooth. 
.Now d being its inclination 
to the vertical diameter AB, 
'90* - 6 is its inclination to 
the horizon, and so accelera- 
tion of a body sliding down 
it is g sin (90* - 6) ■= g cos 6. 

Also AB being a diameter 
•of length d say, LAPB is a vi 


A 



angle, and so4P*d cos B. 


Now T being the time of sliding down AP, starting from 
irest at 4, 


Aoos cos BT^ 


whence T- a* constant independent of B, and so 

‘Same for' all chords. 

K. B. B being the inpllnatloa of an Incline to the vertical, accele- 
ration down the incline is g coeB. 


Mote. It can be shown in exactly a similar way as above that f&e 
times of sliding down from rest ^ along all chotdi of a vertical cweU 
ending at the lowest point are equal. 
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5*9. Line of quickest descent. 



. Suppose P is a given point, and XF a given curve ib a 
vertical plane through P. If now a particle is to slide dow» 
from P along a straight line to reach XF, that line froni P* 
to XF along which the time of sliding is the least is 
defined as the line of quickest descent from P to XF. 

To construct such a line, if we assume the circle P'AQ tcy 
- having its highest point at P, and touching the 

r,urve XF at some point A say, then PA is the line of 

quickest descent from P to XF. 

For, if PB be any other line from P to XF meeting- the- 
circle at B, then by Art. 5’8, the times of sliding down PJf 
and PA are equal, and so the time of sliding from Jp' to R 
along PB is longer than that from P to A along PA. 

It is evident then, that the line of quickest descent 
from P to XF is not necessarily the same as the line of 
shortest length drawn from P to the curve XF. 

We investigate below two particular cases of construc- 
tion of the line of quickest descent. 

(i) Line of quickest descent from a given point P to a 
given straight line XY in the same vertical plane. 
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Through P draw the horizontal line PT in the plane 
PX¥ to meet XY at Tt and cut ^off TA downwards along 
XY making TA — TP. Then PJl is the required line of 
quickest desceat from P to XY. 


X 



For since TA — TP, a circle can be drawn to touch PT 
:and ilT at P and A respectively, and this circle, having 
’the horizontal line PT as the tangent at P, is clearly the 
•circle with P as the highest point, and as it touches XF 
.at the line PA^ as proved above, is the line o£ quickest 
♦descent. 

(iO Line of quickest descent from a given point P to a 
igiven circle in the same vertial plane. 

0 being the centre of the given circle, let OB be drawn 
wertically downwards to meet the circle at B. Join PB, 
and let it meet the circle at A . Then PA is the required 
iine of quickest descent from P to the circle. 

For PC being drawn vertically downwards, parallel to 
OB, and produced intersecting PC at 0, it is easily 
proved from geometry that OP^GA. Hence the circle 
with centre P and radius CP will touch the given circle at d. 


70 


INTERMEDIATE DYNAMICS 


Now PC being vertically downwards, P is the highest, 
point of this circle which touches the given circle at A.. 


P 



Thus, as proved before, PA is the required line of quickest 
descent. 


6*10. Illustrative Examples. 

Ex. 1. With what velocity must a j)a/rt%cle he projected up a plane,. 
10 ft. in length and inclined to the horizon at an angle of 80®, so as to» 
reach the top in one second ? 

Let u ft./seo. be the velocity of projection. The acceleration of the 
particle down the plane is g sin 80®-82xi-l6 ft./Bec\ in this case. 
Hence from the given condition, 

10 «ttxl-jxl 6 xl® 

s=w — 8 or m« 18 ft./seo. 

Ex. 2. If a chord is drawn jrom one end of the horizontal diameter- 

to any point of a vertical circle, show 
that the time that a particle wouW 
take in sliding dotvn that chord 
would vary as the square root of the- 
tangent of the inclination of the chord 
to the vertical. -P* 

$ being the inclination to the 
vertical of the chord BC of a vertical 
circle, drawn from the extremity B- 
of the horizontal diameter AB, the 
acceleration down the chord is. 
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g cos B, Hence t denoting the time taken to slide down BC, starting 
from rest at B, 

BC i. cos 0. 

or d sin 4 </ cos 0 [where d^AB 

ZB^C = ^ easily ] 

Thus t~^^ta.ne 

oo tJtSkn B» 

Ex. 3. A cyclist rides up an inclim of 1 in 64 with a uniform 
acceleration of 4 ft.jsec^.t starting from rest at the foot. After 4 d minute 
he meets another cyclist descending fr<m the top without pedalling, 
starting simultaneously with him. After how much more time will the 
first cyclist arrive at the top ? 

By an incline of 1 in 64 is meant that the incline is such, that in 
moving a distance of 64 along it, one rises a height 1 ; in other words, 
this means that the sine of the angle of inclination of the plane 
i« A. 

The acceleration of the second cyclist down the plane is therefore 

9 -i ft./sec*. 

In half a minute (i.e. 30 secs.), the second cyclist has descended 
from the top a distance 4*4 -30* » 225 ft. 

The velocity of the first cyclist then is v== 4.30 =120 ft./sec. Thus 
t secs, denoting the time taken by him to reach the top from this 
instant, 

225=120f+4.4.f’ 
or 2f* + 120^-225 = 0 

^ - 120 + ^ 120 ^ 87225 

4 * 

= -*5^(3 is/2— 4) = 1*82 seconds nearly. 




Examples on Chapter V (b) 

{Motion on an inclined plane) 


A train running at the rate of 60 miles per hour 
shuts off steam on reaching the foot of an incline of 1 in 
120. How far will it run up the incline ? 
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v/2. The length of a plane inclined at an angle 30^ to the 
horizon is 150 yds. A body is projected up the plane from 
its foot with a velocity just sufficient to carry it to the top. 
Show how to divide the length of the plane into three parts 
which are traversed by the body in equal times. 

\A. A particle is allowed to slide down an inclined plane 
from its top, and after describing Jths of the length, meets a 
second particle which was simultaneously projected up the 
plane from the foot. What fraction of the total height of 
the plane does the second particle rise ? 

An engine rises up an incline of 1 in 20 with a 
uniform acceleration of 2 ft./sec^, starting from rest at the 
foot. After a certain distance the steam is shut off, and the 
impetus just carries the engine to the top. If the length of 
the incline be 4i miles, find where the steam was shut off. 

6. If two vertical circles touch each other at (i) their 
highest points, (ii) their lowest points, and a straight line be 
drawn from this point cutting the circles, show that the 
time of sliding from rest down the part between the circum- 
ferences supposed smooth is constant. 

6. A number of straight lines are drawn in a vertical 
plane through a fixed point 0, and particles are allowed to 
slide down these, all starting simultaneously at rest from 0. 
At any instant t show that they lie on a circle of radius 
igtK 

n/7. a particle starts from rest from the top of a smooth 
inclined plane of a given base. Show that the time of fall 
is least when the inclination of the plane to the horizon 
is 45®. [C- U. 1938\ 

^/8. Two smooth inclined planes of the same altitude and 
of elevations a and j3 stand back to back. A body projected 
up the first plane from its foot along the line of greatest 
slope a velocity ascends it, and without losing any 
velcf^^J^t the turn, descends the second plane. Find its 
vel<!^^^At the foot of the second plane. 

>4. Two particles slide down two straight lines in the 
Igame vertical plane, at right angles to one another, starting 
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simultaneously from rest from their point of intersection. 
Prove that their distance apart at any time will be equal 
to the distance either would have descended vertically in 
that time. 


vlO. Two heavy particles begin to slide at the same 
instant from the common vertex of two smooth inclined 
planes. Prove that the line joining them moves, remaining 
always parallel to itself. 

One side of a triangle is vertical. If the times of fall 
from rest down the other two sides are equal, prove that the 
triangle is either isosceles or right-angled. 


12. A parabola has its axis vertical and its vertex at the 
lowest point. Prove that the time of descent of a particle 
down any smooth chord to the lowest point is equal to 
that of falling vertically to a horizontal line which is at a 
depth below the vertex equal to the latus rectum. 

V/fs. In a vertical circle two chords are drawn from an 
extremity of a horizontal diameter, subtending angles a and 
2a at the centre ; if the times of sliding down these chords 
be as 1 : n, show that sec a == - 1. 

Vt4. jFrom a given point on an inclined plane smooth 
grooves are cut along different directions up to the base line. 
Prove that the times of sliding down these from the given 
point are proportional to the lengths of the grooves. 


Vl6. A particle sliding down an inclined plane is observed 
to pass over two consecutive equal distances of 3 feet in 
i and i sec. respectively. Find the inclination of the plane 
to the horizon. 


vie. A particle slides from rest down a smooth plane 
inclined at 30® to the horizon. Find the position of a length 
of 80 feet on its path which is passed over by the particle 
in cme second. 

\/u. Two particles are allowed to slide down an inclined 
plane from the same point with an interval of one second 
between the times of starting. Show that their distances 
from each other at the ends of 1, 2, 3, 4,... seconds are as 


1, 3, 6. 7, 
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18. A tangent at any point P of a circle meets the 
tangents at the extremities of a vertical diameter AP in C, 
D respectively. If U and be the times of sliding from 
rest down CP and PD, respectively then 

ti ^ chord A P^ 
t 2 chord BP 

Answers 

1. 2^ miles. 2. 83^ yds., 50 yds., 16^ yds. 

3. i. 4. 2 miles from the bottom. 8. u, 

15. 80®. 16. The length begins after a distance of 

162 feet from the starting point. 



CHAPTEK VI 


PROJECTILES 

6*1. In the previous chapter we have considered recti- 
linear motion only under gravity, as for instance when a 
particle is projected vertically upwards, or when a particle 
moves on an inclined plane, being projected along the line 
of greatest slope. In this chapter w^e shall consider free 
motion under gravity, when a particle is projected in any 
direction in space. We shall however, in order to confine 
ourselves to a simpler case, neglect the resistance of air and 
consider the motion to be in vacuo. In this case, on account 
of the acceleration due to gravity in the vertically downward 
direction, the vertical component of velocity will continu- 
ally change, whereas, the component velocity in the horizon- 
tal direction will remain unchanged, as there is no accelera- 
tion in that direction. As a result, the resultant direction 
of motion will continually change, and the particle will 
describe a curved path. It will be shown later (Art. 6*5), 
that this path is a parabola. 

A body thrown in any direction in space is defined to 
be a projectile, and the curved path describes in space 
is called the trajectory. The initial velocity with 
which it is projected is defined to be the velocity of 
projection, and the inclihation to the horizon of the direc- 
tion in which it is initially projected, is defined as the 
angle of projection. The distance of the point at which 
it falls on a plane through the point of projection from this 
starting point is defined as the Range on the plane, and 
the time interval from start till it meets the plane, i. e. for 
which it Vemains in air is called the time of flight. 

6*2. Horizontal range and Time of flight of a* 
projectile. 

Let a particle be projected from 0 with a velocity u, 
at an angle a to the horizon. Let i? ( •*» OB) be the range 
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on the horizontal plane through 0, and T the corresponding 
time of flight. 

The initial vertical component of velocity is clearly 
4^ sin a, and the accele- 
ration in that direction 
-on account of gravity 
is -gf. After time T, 
when the particle 
reachea the horizontal 
plane through 0 at 
the net vertical dis- 
placement is zero, and 
hence, confining our 
consideration to the motion of the particle in the vertical 
direction only, 

u sin a. T- igT^ —0 



giving’^'. 


T 


2tt sin a 

g 


The initial horizonal component of velocity is it cos a, 
and as there is no acceleration in this direction, the above 
velocity remains unchanged throughout the motion. Hence 
in time T, the total horizontal displacement 


OB 


2u sin a ^ 

^ ^ . — gjjj 2a 


g g 

_ u* . « 
t.e. R--:-sia2a. 

Cor. 1. Maxlmnm Horizontal Range and Dlreetlon tor Maxlmnm 
Range. 

From the above value of if, it is apparent that with a given velo* 
city of projection n, the horizontal range is greatest when sin 2a is 
greatest, namely unity , which requires 2a « 90® or a « 45® . 


^ Thus ilm Maximum horizontal range is when the angle of pro- 
jedkmU W, 


*The other solution T^O corresponds to the starting moment 
when also the displacement is zero. 
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i,$. the direction of projection for maximum horizontal range bisects- 
the angle between the horizontal and the vertical. 

Cor. 2. For a given horizontal range with a given velocity of' 
projection, there are in general two directions of projection, equally 
inclined to the direction of maximum range. 

Let u bo the velocity of projection of a particle, and let a be the 
necessary angle of projection in order that the horizontal range may be 
a given quantity R^, 

Then iij = “Sin2a 
oR 

sin 2a I [a known positive quantity], 

= sin 0 [ say, where d is an acute angle as determined' 
by consulting the Trigonometrical tables ]• 

Then, as a is evidently limited to be within 90**, 2a is limited to be 
less than 180®, and within this limitation, 2a = 0 or 180® 

... or00o- |. 

Thus there are two possible values of a, and so two directions of 
projection, giving the same range Ri» 

Again, since the angle of projection for maximum range is 45^, and* 
8ince46®- |»(90®-r I j-46®, theabovetwo directions are equally 
inclined to the direction of maximum range. 

Note. It may be noted that if Ri sin 2a=^^beoome&. 

. p •• 

greater than unity, and a is imposible, i.e. there is no angle of 
projection for a range greater than » which is really the maximum' 
range possible. 

6*8. Greatest height attained by a prolectile, and', 
time to greatest height. 

Let a particle be projected from Ovvith a velocity u at an' 
anglA a to the horizon. Let T' be the time when it is at 
the highest point A of its path, and H (^AM) the greatest. 
height attained. 
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The initial upward vertical component of velocity is 
u sin q, and the acceleration in this direction is - flf due to 
gravity. The vertical velocity gradually diminishes, and 


A 



M 


at the highest point of its path At this vertical velocity 
becomes zero. The corresponding time being T', and the 
corresponding vertical displacement being H, we get 
0 ■« sin a — gT' 
and 0 “ w* sin^a - 2gH 

... a.a h-s^^- 

Cor. The time to greatest height is half the total time of flight. 

'4. Position and velocity at any time t. 


Let a particle be projected from 0 with a velocity u at 
an angle a to the horizon. At any instant t after start, let 

P be the position of 



the particle, OM 
( “ a?) the horizontal 
displacement, and 
PM{^y) the verti- 
cal displacement. 
Also let V be the 
velocity of the pro- 
jectile at P, at 
an angle 6 to the 
horizon. 


In the honzontal direction, the initial horizontal compo- 
nent of velocity is t^ cosa, and this remains unchanged 
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throughout the motion, as there is no acceleration in this 
direction. 

Hence 

V cos 0 = horizontal component of velocity at P 
* u cos a ... ... (i) 

and horizontal displacement in time t 

cos a. t ... ... (ii) 

Again, initial vertical component of velocity is u sin a, 
and acceleration in this direction is - g due to gravity ; 
hence 

sin 0 “ vertical component of velocity at P 

’^u&ina-gt ... ... (iii) 

and 

y *= PM = vertical displacement in time t 

«= u sin a, t- \gt^ . . . (iv) 

(i) and (iii) give i; and 0, i,e, the velocity at P in magnitude 
and direction, whereas (ii) and (iv) give the position P at 
the instant. 

. 6*6. The path of a projectile (in vacuo) is a para- 
bola. 

^irat proof. 



Let a particle be projected from 0 with a velocity u at 
an angle a to the horizon. Let A be the highest point of 
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the path described by the particle, and XAM the vertical 
through A. Let us measure time from the instant when 
the particle passes through A^ t being considered positive 
towards the right and negative towards the left of 4. At 
any instant t from A (positive or negative), let P be the 
position of the projectile, and PN the perpendicular from 
P on AM. 


At A the * vertical velocity of the. particle is evidently 
zero, whereas, since there is no acceleration in the hori- 
zontal direction, the horizontal component of the velocity 
is constant throughout the motion and equal to its initial 
value u cos a. The acceleration vertically downwards ia 
g due to grtivity. 


Thus 

PjV ■“ horizontal displacement of the particle 
in time ^ — w cos a. ^ 

A jV— vertical displacement from A in. time t 
• ^^cos^ g.^^ cos^g . / 


a constant independent of t, and therefore same for all 
positions of P on the path. 

This identifies the locus of P to be,, a parabola, with 
vertex A, axis AM vertically downwards, and latus rectum 

coB _ g ^ 2 rf^giocity)^, 

gg 


Cor. 


If W6 measure AS 


- along AM^ S is evidently tho 


focus of the parabola. Also, measuring A above A, the hori- 
zontal through X is the directrix of the parabola. Since ' AAf, the 
greatest height attained by the particle abote the point of projection 

has beeh^ shown to be — • the height of the directrix above 0^ 


-AJf+AZ« 


tt*sin*a 


, 'ttf0OS*tt 

gg 




which is independent of a. 
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Thus all trajectorie described tuUh the same velocity of projection u 
from the same point in different directions are parabolas with a common 

directrix whose height above the point of projection is the same as 

attained by a particle projected vertically upwards with the same initial 
velocity, 

^Second proof {Analytical). - 



Let a particle be projected from 0 with a velocity u at 
an angle a to the horizon. Let the horizontal and vertical 
through 0 be chosen as axes of x and y respectively. At 
any instant t, let P be the position of the particle whose 
co-ordinates are a?, y. 

As there is no horizontal acceleration, the horizontal 
component of velocity of the particle is constant throughout 
the motion and equal to its initial value u cos a 

.’. x — UGO&a.t ... (i) 

Again, the initial vertical component of velocity is u sin a, 
and the acceleration in the vertical direction is due to 
gravity 

sin a. t-i gt^ ... (ii) 

From (i) and (ii), eliminating t, 

X 1 I X 

y — w sin a tcrl I 

u cos a ^\u cos at 


"> x tan a 
which being of the form 


. ^ -2 

C08*a 

V — Aaj + jBa;* 
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is the equation to a parabola. Hence the locus of P is a. 
parabola. Jj 

N#te. Tlie above equation of the trajectory oan be written as 

as* — “ 05 — — ” 


a sin a cos a 2u* oos^a 

K* 05— % 

9 9 ^ 




— ^ 8 iELa_oo£^\ * ^ _ 2u * 008^ a / ^ u* sin^o\ 

' g / g 2g y 


Transferring the origin to the 
equation becomes 


. /m* 

point I — 


sin a cos a u* sin* a 


the 


.. Qii* cos* a 

x^ — — y, 

9 ^ 

Hence the path is a parabola whose vertex is the point 

cos*a _ 
and 


9 


whose latus rectum is 

whose axis is vertical and drawn downwards. We easily get from 
above 

- /w’ sin 2a M* 8in*a\ 

. co-ordvnates of the vertex : ^ — y 

- /m* sin 2a tt* cos 2a\ 

co-ord%nate8 of the focus : ^ ^ — j • 


Third proof. 

Let a particle be projected from any point B with a 
velocity u in any direction BP, and let PF be the vertical 
through B. 

Had there been no gravity, the particle would move 
uniformly with the velocity u, and describing a distance ut 
along the direction of projection would reach tne point P 
say. Owing to the acceleration g due to gravity, however, 
assuming the initial velocity to be absent, the particle would 
rec^k< a. downward vertical displacement Hence if 

fri^'P we take a length PQ^hgt^ vertically downwards, 
represents the actual position of the projectile at time t, 
taking into consideration the initial velocity and the 
i;|U^celeration due to gravity. 
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Now QV being ’ drawn parallel to BP, meeting BV 
;at V, 

BV~PQ-ht^ 

07* 2m® , . 

*= 1— •> = — • a constant 

.BV igt^ g 


p 



■whicTi, Bince B is a fixed poiat, and (J 7 and B 7 are in 
ifixed directions, identifies the locus of Q to bo a parabola. 

6'6. A particle is projected horizontally from a point 
<it any height above the ground .; to show that the path 
described by it is a parabola, A 

iLet a ’Particle bo projected horizon- 
tally with a velocity « from a point 
A, and let .dJlf be the downward N 
vertical through A, Let P be the 
2>08itipi^ of the particle at any time 
■t, and .let PN be . drawn perpendicular 
to AM. ' ^ 

Then since there is no horizontal 
acceleration^ the ihoiiizontal velocity 
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remains unchanged throughout the motion, namely, u, Alsa^ 
at A the vertical velocity is zero, and due to gravity the* 
vertical acceleration during the motion is g downwards. 


Thus PN horizontal displacement in time t> 
^ut 

and A vertical displacement in time i 
~\gt^ 


'an “ igt* 


2m® 

, 

g 


a constant, 


showing that the locus of P is a parabola with A as« 

vertex, AM as axis and - — as latus rectum. 

Q 


'^’7. To find the velocity of a projectile at any point' of 
its path at a given height from the point/ of projection, and to* 
show that the magnitude of the velocity is the same as thaP 
acquired by a particle allowed to fall vertically from , the- 
directrix to the point. 

Let a particle be projected from 0 with a velocity at. 
an angle a to the horizon, 
and let v be its velocity at 
an angle 6 to the horizon, 
at a point P of its path 
whose height is h above 0, 

\As there is no horizon- 
tal acceleration, the hori- 
zontal component of velocity 
remains unchanged through- 
out the motion, and so ^ 

V cos O^u cos o (i) 

^LgaiPt the initial upward vertical component of velocity/ 
is u a and -g is the acceleration due to gravity in. 
th0.l direction. Hence considering the motion in the vertical, 
direction, 





... (ii) 
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.From (i) and (ii), • 


i* - 


^gh 


and 


tan 6 “ ± 




u cos a 

^giving the velocity at P in magnitude and direction. 

Again, since the height^ of the directrix of the ti’ajectory 

iStbove 0 is known to be a particle allowed to fall freely 

ifrom the directrix to the point P describes a vertical 

... 

.distance w — K and since it moves with acceleration g 
.due to gravity, acquires in that time a velocity v given by 




V ^v. 


Note. Considering the magnitude of v with positive sign, the 
•double signs of tan 0 correspond to the two positions P and Q of the 
ipartiole at the same height h above 0, once while rising and once 
while falling. Thus at these points the directions of motion make 
•equal angles with the horizon, one above, and the other below it. 

Range OB an inclined plane, and Time of flight. 



Let OP be an inclined plane of inclination P to the 
ihorizon through 0, from which a particle is projected with 
n velocity tt at an angle of projection o to horizon, m the 
wertical plane through a line of greatest slope. Let the 
projectile, describing its path, meet the plane at P. so that 
OP (“ JJ say) is the range on the inclined plane. Let i be 
tfche corresponding time of flight. 
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Eesolving the motion atong and perpendicular to the* 
plane, the initial component of velocity perpendicular to the- 
plane is evidently u sin (a — The acceleration due to* 
gravity is - vertically upwards, and its component per- 
pendicular to the plane is easily seen to be -g cos p.. After- 
time r, the particle being again on the plane, the perpendi^ 
cular displacement is zero, and hence 

0 = w sin (a - /3). T-ig cos p. T* 

2m si n (a- p) 

" gcoafi - ••• W 

As there is no horizontal acceleration, the horizontal! 
component of velocity during this motion is ponstantu 
throughout, being equal to its initial value u cos a, and so* 
the horizontal displacement 

ON^u cos a. T, i.e. B cos cos a. T 

• ^ ^ X- ( g - P) c os a 

cos P g cos^p 

f 

i.e,, B - Isin (2a - j3) ~ sin )?] ... (ii) 

g cos p 

Cor. 1. Range on an Inclined plane. 

From the above value of JR, with given u, the range on a given* 
inclined plane is maximum 'when sin (2a— /3) is greatest, namel^r 
unity. 

Hpnce 

and this occurs when 2a-/3» 

or “"i(f +P)- 

Thus for maximum range on an inolined plane the direction of pro^' 
jection hisecta the angle between the horizontal and the normal to the 
planei or what amounts to the same thing, the angle between the plane' 
and the vertical. 
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C#r- 2. For a given range on an hxclvmd plane with a given velocity 
of projection, there are two directions of projection, equally inclined to tho 
direction of mtxifnum range. 

Prom result (ii) above, 

sin (2a-/J) = sm ^ + ^ 

Hence with R, u, given, the right-hand side is known, and thus 
an acute angle 0 of which this quantity (which is clearly positive) is 
the sine can be determined from the Trigonometrical tables. Hence 
2a — i3 = d or v — d 

6 8 IT 0 , ^ 

“= 2+2 2-2 + 2 ’ 

giving two possible values of a (within the range 0 to x) i.e. two 
possible directions of projection. 

Again, the angle of projection for the maximum range on the 
plane is ^ ^ 8i°c® 

= ^ » the latter part of the result follows. 


6*9. Motion upon a smooth inclined plane. 

Let a particle on a smooth inclined plane be given a 
sliding velocity u in a 
direction making an 
angle a with the line 
of greatest slope. 

Now it has been 
proved in the ’ previous 
chapter (See Art. 6*6) 
that for a particle 
moving on a smooth 

inclined plane, the only . . 

effective acceleration on account of gravity is g sin p down 
the plane along the line of greatest slope, where is the 
inclination of the pUne to the horizon. ' Hence resolving 
aloxi^ the line of greatest slope (upwards) and perpendicular 
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to ifc, the initial components of velocity are respectively 
u cos a and u sin a, and the corresponding component 
accelerations are -g sin p and zero. C onsidering the 
motions along these two directions separately, with the help 
of the usual formulae for accelerated motion, any problem on 
sliding motion of the particle on the smooth inclined plane 
can be worked out. 

6*10. Illustrative Examples. 

Ex. 1. A shot after leading a gun passes jmt over a wall a/afort 
horizontally. If the wall is 64 ft, high and 192 ft, distant from the gun, 
find the direction and velocity of projection of the shot, [U, P, 1937] 



Let u and a be the velocity and angle of projection of the shot, 
and t secs, be the time after which the shot passes over the wall. 

As the vertical component of motion is zero then , we get, 

11 sin a~p/ = 0 ••• ... (i) 


Also considering horizontal and vertical displacements during this 


time, 


u cos a, t^ 192 


(ii)^ 


and u sin a. t — igt^ ** 64 
i,e,, using (i), u sin a. i-J u sin a. ^-64 
or, u sin a. 4“ 128 


From (ii) and (IH), 

, 128 2 
tana-5^- ^ 


4 -1 2 
a-itan ‘ ^ » 


(ill) 


Again, from (i) and (iii)f 
giving « 

.*. u 


g 

'128p cosec®a 

• 128X82(1+|)-82X32X13 
•32 tJTi ft. /sec. 
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It might be noted ^that the motion being horizontal at the top of 
the tower, this point is the highest point of the trajectory and thus 
we can use the known results, 


sin^g 

'^9 


64 


and 192== half the range 


sin g cos a 
9 


These also would give the values of a and u as before. 


Ex. 2. Two shots are fired simultaneously from the same point with 
velocities in the ratio o/ 13 : 5 and they hit the same mark on the 
horizontal plane through the point of projection at a distance 540 feet 
from it. If the greatest heights attained by the shots he in the ratio of 
5 : 9, fifid the time interval between their hitting the mark. 

Let u and u' be the velocities of projection of the shots, and a, 
their respective angles of projection. Then from the given conditions 


u 13 

2tt* sin a cos a _2 m'* sin a cos a 

s540« — 

9 9 


and whence. 


29 


u sin a u sin a 


^/6 


>iC(8ay) 


540x16 


Thus from (ii), woo8a«-^^g-» ui 
and therefore, using (iii), 


,_540xl6 




(i) 

(ii) 


(iii) 


Thtts, from (i), 

169 ^ 9 25 iir* + (540X1 6)’ 

“ 6 'Sli:* + (540x 16)* 

whence 169{81X* + (640 x 16)’> - 225(25 X* + (640 x 16) ’ ) 

. . ™ (640xl6)’(225-169)_(640x^_„aftvA\. 

^ * 81X169-26X W 
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= 180x4 or 12^/5, the positive value of K beings, 
taken, since by (iii), u sin represents the initial upward 

vertical velocity of the first shot which is clearly positive. 

Now the times of flight of the shots are ~ - and 

0 g 

and since the shots start simultaneously, the required time interval 
between their hitting their mark 


2m' sin a' 2m sin a 


9 

12 ^/§ 

16 


9 

(3- ^/S) = 


3 

4 


= ^^{9K-Ks/5) 

(3 \/5 — 5) seconds. 


Ex, 3. ^4 particle is projected from a point O so as to pass througfU 
two given points in the same vertical plane with O, at heights h^ and h^ 
above 0, a^nd at horizcyntal distances d^ and d,x from it on the same side. 
Find the angle of projection. 


Let M and a be the velocity and angle of projection respectively. 
Let tx be the time to reach the first point. 


Considering the horizontal and vertical motions separately in this 
case, 


M cos a. tx ^dx 
u sin a. tx^igtx^ — hx. 


From these, eliminating tx, 


d * 

dx tan a-^g - hx 

* * C08*a * 


tan^ 

"dx 


g 


3 M^cos*a 


’dx^ 


Similarly, from the other case, 

tan a __ 1 q ^ 

dn 2 M^cos*a 


subtracting, tan a 


d.* 


ih-i> 


Ez. 4. A projectile is fired from the base of a hill whose shape is that 
of a right circular cone with axis vertical. The projectile grazes the vertex 
and strikes the hill ogam at a poimt on the base. If a be the semivertical 
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angle of the cone, h its height, V tJie initial velocity of the projectile, a7id 
$ the angle of projection measured from the horizmital, show that 

tan 6-2 cot a 

and y® tan*a)* 



Let t be the time to reach the vertex. Then considering horizontal 
and vertical displacements in this time, we get 

V cos B.t^h tan a 

V sxxL 6, t-^gt"^ -h 

Eliminating t. 


, . . n 1 tan^a , 

tan o tan fl - Jff. ^ ■= 

, - qh tan a , 

tan 6 — - = cot a 
‘iF* cos*0 


(i) 


Again, the horizontal range of the projectile Is easily, from the 

figure, 

2y* sin 0 008 6 


2h tan a » 


or 


9 

gh tan a . ^ 

iyj - — --nm 6 
V* cos 6 


(ii) 


Thus from (i), (ii) eliminating F’, 
tan 0 i tan 6 « cot a 
or tan 6^2 cot a 
Again from (ii), 

r* flfh tan a (7^ Jan a. seo^d 

"sin 6 cos tan 6 

ph tan a(l-f4 oot *tt> 

2 cot a 

■■pA(2+4 tan*a). 
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Ex. 5. A fort and a ship ,are both amted ' with guns which can fire 
with a muzzle velocity of tjigk, and the guns in the fort are at a height h 
above the guns in the ship. If d^ and d^ are. the greatest horizontal 
ranges at which the fort and the ship can respectively engage^ prove that 

fh+h ^ 
d% ^ h — h 


Let a be the angle oi projection of a gun in the fort, and let it 
reach the horizontal plane 
through the ship at time f, at a 
liorizontal range R. 

Then, 

tj'lgk, cos a. ••• (i) 

»J^gk. sin a. f - Jpt* = - h (ii) 
whence, eliminating a, 

^k.i^^R^-¥(lgt^-hY 
or » p(2A: + - h* - Ig^t* 

= {(2A;+ h)» - h* > - {hgt^ ~ (2fe+ h)}* 

and clearly, the maximun value of the right-hand side occurs when 
the last perfect square term involving the variable t is zero. As (f ^ is 
the given maximum value of i2, we get 



Exactly in a similar way, considering projectiles fired from the ship 
reaching the level of the fort, (by replacing h by - A in this case). 


Hence 


d,* d, /k^h 

iU*'‘k-h d.“\k-h' 


Note. Instead of eliminating a, we might eliminate t between (i) 
and (ii), and considering the reality of the roots of the quadratic in 
tan a, get the greatest possible value of R. 


Ex. 6* A particle projected ivUh a velocity u, strikes at right angles a 
plane through the point of projection inclined at an angle ^ to the hxnrieon. 
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Show that the time of flight is height of, 

the point struck above the point of projection^ 



Let t be the required time of flight, and a the angle of projection* 
with the horizontal. 

Resolving the motion along and perpendicular to the inclined*, 
plane, we get from the given conditions in this case, 

w cos (a — 13) — gf sin 13. f = 0 ••• (i) 

u sin (a — 13), t — ig cos 13. 

i,e, u sin (a-l8)-ig' cos fS. t = 0 (ii) 


From (i) and (ii), eliminating (a-j9), 

14* « ( 7 *f* (8in*l5+ i cos*^) = ig^r(l + 3 sin*l3) 

2tt 

*“srVl+3Bin^ ■” 

the horizontal distance of the point struck is u cos a. 
the height of this point above the point of projection is 

14 cos a, t» tan l3=ut tan /5, cos (a--^+/3) 

• f tan fi{u cos (o-l3). oos i3-*4 sin (a -13), sin 13} 

• f tan l3{p sin /3, U cos 13. -\g cos 13. U sin 13} [using (i) and (ii)}/ 
-igt* sin*P 


^ sin*P 

“ g ‘l+8 sin*/5’ 


[using (iii)] 
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Ex. 7. The line joining P to Q is inclined at an angle a to the 
horizontaU Show that the least velocity required to shoot from P to Q ie 
to the least velocity required to shoot from Q to P as 
(cos Ja+sin Ja) : (cos ia-sin ia) 


Assuming a to be the distance PQ which is inclined at an angle a 
to the horizon, the horizontal distance 
* between P and Q is a cos a, and the 
vertical height of Q above P is a sin a. 

Let u be the velocity of a shot 
fired from P at an angle B to the 
horizon, which reaches Q after a time t 
seconds. 

Then, u cos cos a 

and M sin i — sin a. 
Hence, eliminating B, 

as a* co3*a+(a sin ct-higt*)* 

or w* « Jgf + ga sin a + 





+ga (14* sin «)• 


Now t being variable for different values of the velocity of projection 
ju, the square term on the right-hand side has its least value zero. 
Hence the least possible value of the velocity of projection from P 
so that the shot may reach Q is given by 

M* «= gail + sin a) =pa^coB - + sin ^ J 
or I +sin ^ j* 


Again, the line from Q to P is inclined at an angle -a to the 
horizon. Hence exactly as above, replacing a by —a, the least 
veloc. of projection from Q, so that the shot may reach P, is given by 

Thus u : tt'«>(oos ia+sin iu) : (cos ia-sin Ja). 

Ex. 8. A shell bursts on contact mth the ground and pieces from it 
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fly in all directions with all velocities up to 80 feet per second. Show 
that a man 100 feet away is in danger for J ^/5 seconds. 

Suppose a shot, which flies with a velocity i! at an angle 9 to the 
•horizon, hits the man after t seconds. 


Then, V cos 100 

V sin B, *=0, 

-yrhenoe, *= 100^ + ifl' ^ 

or feV-i;n* + 100»-0. 
v^± 

^ ig^ 


With any velocity of projection v therefore, (such that v* ^ lOO’jji*, i.c. 
f? < 10 Jg), there arc two pieces that will Mt the man, one hitting it 

wlier at time f., given by f.*- and the other at 


, V .. v'+ 

t later time f, given by fi* “ . » 


Considering the later times for the different velocities of projection, 
we see that the latest time at which a shot can hit the man is 

when vis greatest, namely 80 ft./sec. and the corresponding time is 

igiven by 

, _ 80* + ^80^- 100* .32* ^ 6400+ 3200 >/3 
“4732^ 32x16 


<« = ^4 ^/2+ ^/8=®-^ ( J8 + 1) seconds. 

After this time no shot can hit the man . 

Again, considering the earlier times for the different velocities of 
projection', given by 

«* - ^/v^-T 60 V 

' iff* 


<.*■ 


2 . 10 (^ 


it is clear from the last form that <. is least when v is greatest, namely 
60. Hence, of all the pieces that hit the man, the earliest time when 
fl piece hits him is given by 

80*- >/ i0^i0^* whence as before seconds 
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and before this time no shot hits him, so that he has no danger 
earlier. 

Hence the man remains in danger for 

— ^/3 + 1) - is/5 — 1) = ^ (s/2 seconds. 


Examples on Chapter VI 


A boy can throw a ball 40 yds. vertically upwards ; 
find the greatest horizontal distance he can throw it. How 
long will it be in air in the second case ? 


2. A cricket-ball struck from the ground pitches- 
100 yds. ahead after rising to a maximum height of 56ift. 
Find the time of flight, and the direction in which it is- 
struck. 


\/^, A projectile thrown from a point in a horizontal 
plane comes hack to the plane in 4 secs, at a distance of 
64 yds. from the point of projection. Find the velocity of 
projection in feet per sec, [C. U, 2915) 

yA. A bombshell on striking the ground (supposed to be 
horizontal) bursts, scattering its fragments with velocities- 
of magnitude u in 'different directions ; find the area of the 
ground covered by the fragments, 

[C. U, 1938, B. H. U. 1933} 


5. A stone is dropped from a balloon moving hori- 
zontally with a velocity 96 ft. /sec. and reaches the ground 
in 4 secs. Find the height of the balloon, and the velocity 
of the stone on striking the ground. 

6 . A ball is projected from the ground at an elevation 
of cos~'x with a velocity 100 ft. /sec. Find the distance of 
the ball from the point of projection after 2 secs. 

A tennis ball served horizontally from a height 6'25 ft. 
strikes the ground at a point 60 feet away from the 
server. If it just touches the net 40 feet away from the 
server, find the height of the net. [{7. P. 1941} 
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8. A football is kicked, and just passes over a bar 12 ft. 
high and 20 ft. away. Find the direction in which the 
ball is kicked^ if the velocity generated by the kick is 
40 ft. /sec. 


9. A boy running at a uniform speed of 10 ft. /sec., 
throws up a ball vertically relative to himself and catches 
it 10 ft. from the point where he threw it up. With what 
velocity relative to himself does he throw the ball ? 

\/l0. A cricket ball thrown from a height of 6 feet, at an 
angle of 30® with the horizon, with a speed of 60 feet 
per second, is caught by another fieldsman, at a height of 
2 feet from the ground. How far apart were the two men ? 

[U.P.1946\ 


11. A particle is shot from the ground and grazes the 
tops of two posts at heights 36 ft. and 64 ft. which stand 
96 ft. horizontally apart. If the time from post to post be 
5 secs., find the initial velocity of the projectile. 


12. A gun is fired at an elevation tan^W towards a 
person on the same horizontal plane as the gun. ^ If the 
shot and the sound of the gun reach him at the same 
instant, find the range, the velocity of sound being 
1120 ft./sec. 


13. The maximum range of a rifle bullet is 1200 yards. 
If the rifle is fired with the same elevation from a truck 
running at 15 miles per hour towards the target, prove that 
the range is increased by 110 yards. 

A particle is projected so as to pass through two 
points whose horizontal distances from the point of projec- 
tion are 36 and 72 ft., and which are at vertical heights 11 
and 14 ft. ^bove the horizontal plane through the point of 
projection. Find the velocity and direction of projection. 


15. A ball is projected with a velocity of 64 ft. per seo. 
from the top of a tower 128 ft. hight at an elevation of 30®. 
Find when, where and with what velocity it will strike the 
ground. 


\y 16 . 


A ball slides from rest down a smooth sloping roof 


7 
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of length 8 ft. and inclination 60“ to the vertical and then 
falls to, the ground. If the top of the roof be at a height 
12 ft. from the ground, find the distance of the point where 
the ball reaches the ground from the foot of the vertical 
walL passing through the top of the roof. 

\yi7, A fountain jet projects streams in all directions with 
a velocity of 12 ft. per sec. from a point 4 ft. above the 
basin. What must be the diameter of the basin to catch 
alLthe water ? 


\xi 


18, For a trajectory, show that the focus of the path 
lies above, on, or below the horizontal line through the point 
of projection, according as the angle of projection is greater 

than, equal to, or less than ^ • 


* 19. A shot fired at a mark in the horizontal plane 
through the point of projection goes a ft. beyond it when 
the angle of elevation is a. When the angle of elevation 
is jJ, it falls b ft. short of the mark. Show that the proper 
elevation to hit the mark is 


1 , .i/a sin 2/5 + 6 sin 2a\ 

2®^^ \ a + 6 /’ 

^ 20. A particle is projected with a velocity v at an angle 
of elevation a from a point on a horizontal plane. If B be 
the range, T the time of flight, and H the maximum height 
attained by the particle, prove that 


and 16gH^ - Qv^H+gB^ - 0.' [0. U. 1945] 


21. A body is projected so that on^, its upward path it 
passes through a point x ft. horizontally and y ft. vertically 
from the point of projection. If B ft. is the range on the 
horizontal plane through the point of projection, show that 
the angle of elevation of thei projection |s 


tan* 


i 


( 


X B-xt 


[C. U. 1944] 


22. Two heavy -^rtides are projected at 


elevations o, P' 
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in the same vertical plane at the same instant with equal 
velocities from two !fixed points, and meet. Show that 

a + «= const. 

23. A vertical rod PQ subtends an angle 9 at a point 0 
in the same horizontal plane as the foot of the rod. Two 
^balls are projected at the same instant from 0, in directions 
making angles a and with the horizontal, so that the 
iformer strikes the top of the rod at the same moment that 
the latter strikes the bottom. Prove that 

tan a - tan p « tan 6. 

24. For a given horizontal range, if ai, a 2 are any two 
.possible angles of projection and ^2 the corresponding 
times of flight, then 

n (ot "" ^ 2 ), 

sin U1 + 02) 

426. A body is projected at an angle a to the horizontal, 
•so as just to clear two walls of equal height a, at a distance 
from each other. Show that the range is equal to 

2 tc.tr. 194,8] 

\A28. The angular elevation of an enemy’s position on a 
ihill s ft. above the gun position is Show that in order 
4io shell it, the projectile’s velocity must not be less than 

+ cosec i3) [C. (7.1946*1 

27. A shot is fired with a velocity at a vertical wall 
whose dfctance from the point of projection is x. Prove 
tthat th^greateat height above the level of the point of 
projectioi:^^t which the bullet can hit the wall is 

2gu^ * 

At what angjlB is the shot fired in this case ? 

f28. Particles are projected simultaneously with velocities 
of magnitude F from' a given point in different directions in* 
the sS»tiie vertical idane. Prove that after t seconds they 
all lie on a :cird6. [C.U:194l] 
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v^. A particle is projected with an initial velocity u* If 
the greatest height attained by the particle be prove that 
the range B on the horizontal plane through the point of 
projection is x 

^ ^ ~ ^ )}’ [C. 17. 1940]' 


30. If several particles are projected in the same vertical' 
plane from the same point with the same velocity, show 
that the foci of all parabolic paths lie on a circle. 


31. Particles are projected from a given point in tho 
same vertical plane at the same elevation. Show that the^ 
locus of * (i) the vertices 

and (il) the foci 

of the parabolas which they describe is each a straight line.. 


32. A rocket on striking the ground bursts, scattering its- 
fragments with a speed of 128 ft. per sec. in all directions.. 
Show that fragments may fall at a point 384 ft. away fxiom 
the point of bursting at interval of 4 secs. 


/•33. livi and ^2 he the velocities of a projectile at the 
ends of a focal chord of its path, and v be the constant, 
horizontal velocity, show that 


V 



[Tangents at the ends of a focal chord of a parabola intersect at right 
angles on the directrix*] 

34. An aeroplane flying with a constant velocity v, at a. 

constant height h, passes directly over a gun. When the 
elevation of the aeroplane above the horizontal plane is 0 as- 
seen from the gun, the gun is fired point blank at it. Show 
that the shot hits the aeroplane if 2lPcos d- v)i; tan*6 
where V is the intial velocity of the shot) its path being 
parabolic. [C. U, 

35. A shot is fired at an elevation of a at a bomber 
flying in a horizontal straight line with acceleration/. At. 
the instant of firing, the bomber is directly overhead at a. 
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height h and has a velocity v. Prove that no velocity of 
projection will make the shot hit the bomber unless 

V 

36. If two particles are simultaneously projected from 
the same point in the same vertical plane the line joining 
them moves parallel to itself. 

37. A boy can throw a ball vertically upwards to a 
height II ft. Show that he cannot clear a wall h ft. high at 
A distance d ft. from him, unless 

. 2H>h+ 

^38. B are two points distance d apart, and at heights 
./ti, hi above a given horizontal plane. Prove that the 
minimum velocity with which a particle must be projected 
from the plane so as to pass through A and B is 

*Jif{h± + h2 +£?). 

39. A bird is sitting on the top of a building 72 feet 
(high. At what angle of elevation should a person standing 
^60 feet from the foot of the building fire a shot with a 
velocity of 120 ft. /sec. so as to hit the bird as soon as 
possible ? 

40. A ball is projected, and a second ball also from the 
•same point and in the same direction, with a velocity equal 
to the vertical component of the velocity of the first ball. 
Prove that the path of the second passes through the focus 
•of the path of the first. 

/4. 41. It t be the time in which a projectile reaches a point 
P of its path, and be the time from P till it strikes the 
(horizontal plane through the point of projection, shew that 
the height of P above the plane is igtt . 

42. If h and fc' be the greatest heights in the two 
paths of a projectile for a given range B, prove that 

43. Show that the product of the two times of flight 
tfrom P to Q with a given velocity of projection is 2PQlg. 



102 


INTEBMEDIATE DYNAMICS 


^44. A gun h mounted on a cliff of height h above the* 
sea-level. If u be the muzzle-velocity of the shot, prove 
that the maximum range d at sea-level measured from the* 
foot of the cliff is 



and the angle of projection a is given by 


[C, U. 1933] 


45. If a particle P is projected at an angle a to the* 
horizon w.iih velocity F, and is subsequently met by a 
second particle Q, which is let fall from the directrix of the- 
path of P at the instant of projection of P. Show that the 
distance of the point of projection of P from the straight 
line described by Q is 

cot a 

2g * [C. U.1934y 

• 46. Two shots are projected’ from a gun> at the top of a 
hill with the same velocity u at the angles of projection- 
a and p respectively. If the shots strike the horizontal 
ground through the foot of the hill at the same point,, 
show that the height h of the hill above the plane is- 
given by 

2 , „ ~ tan g tan g ), ^ ‘ 

fif(tan a + tan p)^ [G- U, 1935% 


47. Two particles are projected with velocities w, u at 
elevations a, a from the same point, at the same , time, in* 
the same vertical plane. Prove that the difference between* 
the times to the other point common to their paths is 

2uu sin (g - a) 
g{u cos a cos a ) 

48. If t be the time of describing any portion FQ/afj 
the parabolic path of a projectile, show that 
J 00 (tan a - tan P) 

where a and p are the angles which the tangents at P and 
Q make with the horizon. 
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49. A ball is projected at an angle a to the horizontal,, 
up a plane which passes through the point of projection and 
is of elevation jJ. Show that it strikes the plane 

(i) horizontally if tan a = 2 tan p . 

(ii) normally if tan a *= 2 tan p + cot p. 


50. A fball is projected with a velocity of 28 ft. per sec. 
up an inclined plane which passes through the points of 
projection and which is of elevation 30®. The ball strikes 
the plane at right angles. Find the range on the plane. 


51. If Bi, Bn be the respective maximum ranges of a 
particle when projected up and down a plane of elevation a, 
then 

B\ 

Bz 1 + sin a 

^ 52. The radii of the front and hind wheels of a carriage 
are a and b, and c is the distance between their axle-trees j, 
a particle of dust driven from the highest point of the hind 
wheel is observed to alight on the highest point of 
front wheel. Show that the velocity of the carriage is 


+ a - b){G - a + 6) 

^ T( i -a ) ^ 


Answers 

1. 240 ft. ; IS secs. 2. secs. ; tan“‘ ^ with the horizon. 

3. 80. 4. 

9 

6. 256 ft. ; 160 ft./sec. at an angle tan“^ f with the horizon. 

6. 168-6 ft. 7. 3 ft. 6^ inches. 

8. Either 46®, or tan"M with the horizon. 

9. 16 ft./sec. 10. 60^/g ft. 11. 100 ft/seo. 

12. 8920 ft. 14. 30 ft./aeo. ; at an angle tan'"*tV with the horizon. 

15. 4 secs ; 128 s/S ft. from the foot of the tower ; 64 s/9 ft./sec. at 

an angle 60* with the horizon. 

16. 8 s/8 ft. 17. 16 ft. ' 27. tan''- * 89. 46®. 

gx 

50. 14 ft. 



CHAPTER VII 


LAWS OF MOTION 

7 * 1 . So far we have been dealing with kinernaties 
only, that is, we have been considering only different kinds 
of motion, and the effects thereof on the pesition etc. of 
particles without entering into the causes which produce 
these motions. In this chapter we shall discuss the 
relations between the forces which produce motions and the 
types of motion produced thereby, which is Dynamics proper. 
These relations are based wholly on the three well-knowm 
laws of Newton. They run as follows : 

Newton’s Laws of Motion 

First Law — Everybody continues in its state of rest or of 
uniform motion in a straight line except in so far as it be 
compelled by an external impressed force to change that state. 

Second Law — The rate of change of momentum is pro- 
portional to the impressed force^ and takes place in the 
direction in which the force acts. 

Third Law — To every action, there is an equal and 
opposite reaction. 

These laws are more or less axiomatic, and have been 
formulated on the basis of common sense and experience. 
They have been verified indirectly for bodies of ordinary 
size (within the limits of experimental error) by experiment- 
ing on the results deduced from these laws. Moreover, the 
exactness with which the positions and motions of bodies 
on earth, as also of celestial bodies like the sun, moon and 
planets have been predicted from calculations based on these 
laws lend the strongest support towards the assumption of 
the laws as fairly true. 
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7*2. Explanation and Illustrations of the First 
Law. 

This law is practically embodied in the very definition of 
Force. A force has been defined to be that which changes 
(or tends to change) the state of rest, or of uniform motion 
of a body. This means that if a body be at rest, anything 
which changes its state of rest is a force. Thus in absence 
of a force, a body at rest will continue to be at rest. 
Similarly, if a body be in motion, anything .which changes 
its motion is a force, and so in absence of a force, a body 
in motion will have its motion unaltered, or in other words, 
it will continue to move uniformly. These two statements 
together form the first law. ' 

The tendency of a body to continue in its state of rest or 
of uniform motion as the case may be, in absence of any 
external force, is defined to be the property of inertia. 
Hence Newton’s first law of motion is also referred to as the 

Law of Inertia. 

The first part of the law, namely that a body at rest 
does not move of its own accord unless compelled by an 
applied force to do so, is a matter of common experience, and 
requires no particular illustration. The second part of the 
law, however, that a body in motion will continue to move 
uniformly forever in absence of any applied force, is a 
matter, which, strictly speaking, cannot be experienced in 
practice from direct observations, for in the practical world 
we can naver make a moving body absolutely and continu- 
ously free from the influence of external forces. The 
tendency however of moving bodies to continue their 
motions when unhampered by external forces may bo 
eonceived from the following illustrations : 

When a man alights from a rapidly moving car, his 
ieet, coming in contact with the rough ground, are brought 
to rest by the friction of the ground ; but the upper part 
of the body which was sharing the motion of the car 
having a tendency to continue the motion, the man generally 
falls down. ^ 

If a galloping horse suddenly stops, the rider on its back 
is in danger of being thrown oyer the horse’s head. 



106 


INTERMEDIATE DYNAMICS 


When a passenger is sitting sideways on a tram car, as 
the car starts from rest, the part of his body in contact with 
the seat moves forward with the car, while the upper part of 
his body having a tendency to continue in its position of 
rest, is generally thrown backwards. Similarly when the 
car stops from motion, the upper part of his body leans 
forward. 

A circus rider on a running horse suddenly jumps upy 
and passing through a ring of fire, suitably place above, 
again alights just on the back of the horse. Here, the 
forward mr'tion which he was sharing with the horse tends 
to continue practically unchanged (the resistance being 
negligible, there is practically no horizontal force to affect 
the horizontal motion) all the time he is rising and falling 
due to gravity. So the distance moved forward by him 
during the interval is exactly equal to that moved over by 
the horse. 

When a heavy piece of stone is hanging by a fine thread,, 
the position in which the system rests is that in which the 
string is vertical, and in this position the forces acting on the- 
body (namely the tension of the string, and the attraction 
of the earth) balance one another, so that there is no 
resultant force left on the bgdy. In absence of any external 
force, the body continues to be at rest in this position. If 
now the stone be pulled to one side and let go, the forces on 
the body not balancing one another, a motion will bo 
produced. As the system comes to the former vertical 
X>osition, therd will be no resultant force on the body ; but 
in absence of a force, the body, which has already acquired 
some motion, does not stop, but tends to continue its motion, 
and moves over to the o^her side. Thus in the same 
position, where no resultant force acts on the body, in one 
case when the body i& at rest, it continues its state of rest, 
while in the other case, when the body is in motion, it 
continues its state of motion. 

If a ball on a plane ground be given a motion, it is 
observed that after a short time the motion of the ball ceases, 
and it comes to rest on account of the friction of the ground. 
If however the ground be made smooth, for instance a long 
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smooth track on ice accumulating on the ground in cold*^ 
countries during winter be prepared by rubbing on it with a 
piece of ice, and a smooth body be allowed to slide over it, the 
motion continues for a pretty long time. Though ultimately, 
on account of air resistance and other forces the body comes 
to rest, it gives us a good idea as tO' the fact that if it were 
possible to make the body free from the influence of all 
resisting forces, the motion once generated, would continue^ 
for ever. 

The first law gives us a qualitative test of the 
existence of a force, for whenever we see a body remaining; 
at rest, we say that there is no resultant force acting on it. 
Similarly, when we find a body moving with a uniform 
velocity t %ve conclude that there is no resultant force acting 
on it. On the other hand when the motion of a body i&> 
changing, there must be some force acting on it. 

7 ‘3. Second Law of Motion ; Momentum. 

Momentum'’' — The momentum of a moving particle aV 
any instant is the product of its mass and its velocity at that 
instant. 

As velocity has got a definite direction at any instant,, 
the momentum of a moving particle has also got a magnitude 
and a direction, and is thus a vector quantity. 

The second law of Newton aims at a quantitative 
measurement of a force (§ 7*4). Now the effect of a force 
on a body is generally to generate motion, or to produce a 
change of motion. Hence to make an idea as to the magni- 
tude of a force we are to notice the motion generated {ix, the 
change of motion produced) by it in a body in a given time,, 
say one second. If in the same body, in the same time,, 
another force generates a greater motion, that force is^ 
greater than the former. If the motion generated in thes* 

*This is sometimes , referred to as linear momentum to distiuguisbi 
it from angular momentum (moment of momentum) defined in books 
on Advanced Dynamics. 
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latter case is double of that in the former case, it is common 
sense that the latter fprde is double the former. Again, if 
we consider two different bodies, one heavier than the 
other, then it is common experience that the same force 
applied to these bodies for the same time will not generate 
the same motion in the two ; the motion generated in the 
heavier body will be noticed to be less. Also to generate 
equal motions in the two bodies in the same time, the force 
required in the case of the heavier body is greater. Thus 
to make an estimate of the measure of a force we are to 
note, not only the velocity generated by its action on a body 
in a definite «ime (preferably unit time), but also to consider 
the mass of the body ; the measure of the force depends 
on the product of the mass and the velocity generated in 
•a given time, Le. on the momentum generated. Hence is 
the necessity of defining such a mathematical quantity as 
momentum. The effect of a force is to generate momentum. 
In case of a body of constant mass, the effect of a force is 
*to change its velocity, i.e., to generate acceleration in it. 

Note. It may be noted that for a body whose mass continually 
increases (for example, a falling rain drop on which aqueous vapour 
is continually accumulating and making it bigger in size), even to 
keep its velocity unchanged, a force will be required, for the momen- 
tum increases in this case. In absence of a force, its velocity will 
^gradually diminish, but its momentum will remain unchanged. 

‘7*4. To deduce the formula P»mf. 

Let a ' force of which the measure is P be acting 
•continuously on a particle of mass m, and let v be the 
velocity and / the acceleration of the particle at any instant 
•during the action of the force. 

Then by Newton’s second law of 'motion, 

P « rate of change of momentum of the particle 

4.«. « rate of change of mv 

Le, m X rate of change of v 

[ provided the mass of the body is unchanged 
throughout the motion. ] 

i.e. « mf. 



LAWS OF MOTION 


109* 


Hence P * jfiT. m/ where JST is a constant. We have 
not as yet defined any unit for measuring a force. Let a. 
unit of force be chosen to be that amount of force which 
acting continuously on a unit mass, produces in it a unit 
acceleration. 

Then, in the result when and/=l, by 

our choice, P-l. 

Hence Thus, when expressed in such units, 

Note. Such a unit of force is defined to be an absolute (or dynami-^ 
cal) unit of force. 

7*5. F. P. S and C. G. S. absolute units of Force. 

Poundal — A poundal is that amount of force which 
acting continuously on a mass of one pound, produces in it an 
acceleration of one foot per second per second. 

It is iLsed as a unit ^or measuring forces in F, P. S.. 
system. 

Dyne — A Dyne is that amount of force which acting- 
continuously on a mass of one gram, produces in it an 
acceleration of one centimetre per second per second. 

It is used as a unit for measuring forces in C. G\ S.. 


It may be noted that the formula P^mf will be satisfied 
(i) when P is expressed in poundals, m in pounds and / in 
ft./seo*., or, (ii) when P is expressed in dynes, m in gramme8». 
and /in cms/seo^. A poundal and a dyne are absolute 
units of force. 

Relation between a Pbnndal and a Dyne 

Since 1 foot-30’4 oms. nearly 
and 1 lbB458’6 grams, 

1 poandal-80'4x458'6 dynes 

- 18800 dynes roughly (in round figure^ 
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7-6. Weight — The weight of a body it the force with 
which the earth attracts the hod/y. 

Now it is known that due to the attraetion of tlie earth 
•tit any point on it, every body moves towards the earth with 
^ uniform acceleration g. Hence if m be the mass of a 
body, then W being its weight, that is the force exerted on 
it due to earth’s gravitation, the acceleration produced in 
the body due to this force being g, we have {from the 
formula P =* m/), W*=ing in absolute units, (poundals or 
dynes as the case may be). 

Thus expressing g in ft.-sec. units and cm. -sec. units 
respectively, 

weight of a mass of 1 lb, « 32 poundals roughly ^ 
and weight of a mass of 1 gm, * 981 dynes roughly, 

Oraviitational anits of foree~-Th6 weight of 1 lb. as also the weight 
of 1 gm. are sometimes used as units for measurement of forces. These 
are referred to as gravitational units of forces^ as they depend on the 
value of the acceleration due to earth’s gravitation. As the value 
of g depends on the position on the earth, and changes (though very 
slightly) from place to place on the surface of the earth, the gravita- 
tional units also vary slightly from place to place. Roughly , by dividing 
c. force in poundals by 32 it is expressed in lbs, weighty and similarly by 
dividing a force in dynes by 981 it is expressed in grammes weight. 

We notice therefore that, whereas the absolute units of force, 
poundals or dynes, have nothing to do with the position on the 
surface of the earth and are therefore invaraable, the gravitational 
units of force, depend on the value of p, and so, on the place on earth 
where it is used. 

7‘7. Distinction between mass and weight 

The mass of a body is the quantity of matter in a body. 
The weight of the body on the other hand is the force with 
which the earth attracts the body. Whereas the former 
is an intrinsic property of the body itself, and has 
nothing to do With any other body, the latter depends. 
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tiot cm the body alone, but also on the earth, or on the 
position of the body with respect to the earth At different 
positions on the surface of the earth the force of attraction 
•of the earth on the same hody is different and so the weight 
•of the body alters from place to place. If it were possible to 
take the body to the centre of the earth, the resultant 
•attraction of the earth on it, from symmetry, would be nil, 
and so the body would have no weight. But the mass of 
the body all allong remains unchanged, so long as no 
material part of it is removed. 

In common language we loosely use the term weight to 
mean its mass, and speak of the weight of a body to be 
10 lbs. or 15 gms. which is an incorrect statement. The 
confusion iirkes due to the fact that at a given place on the 
surface of -the earth , the weights of bodies being proportional 
to their masses, two bodies having their masses equal 
will have their weights also equal, i.e, they will be equally 
attracted by the earth, and this is made use of for 
determination of the mass of a body by weighing. We place 
the body in question on one pan of a balance and standard 
bodies with known masses (engraved on them) on the other, • 
until the beam of the balance is horizontal, when we know 
that the forces of attraction of thq earth on the two sides 
are equ^, and hence the masses on either side are also 
equal. The mass of the body in question therefore becomes 
known. 

The mass of the body being the same as that of standard 
bodies of known total mass 10 lbs. say, we should correctly 
speak of the weight of the hody to be equal to the, weight 
of a body of mass 10 lbs., or briefly, the weight of the hody 
is equal to 10 lbs. weight, 

7*8. Spring Balance. 

The change in the weight of a body referred to above 
from place to place on the surface of the earth cannot be 
detected by weighing ^ with an ordinary balance. For, 
suppose the weight of a body to be determined ^t one 
place by weighing. The mass of the body then is equal to 
that of the standard weights used on the other pan, when 
the weights on the two sides balance. If now we proceed 
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to some other place on earth where the value of g 
different, the weight of the body in question (i,e, the force 
of attraction of earth on it) is altered. But simultaneously 
the weight of the standard weights used will also alter, and 
the masses on the two sides being the same» 
the weights on the two sides will balance 
here also, and thus the observed weight as 
determined from the writings on the standard 
weights used will be the same as before. For 
detecting the change in the weight of a body 
from place to place on earth, a spring balance 
may be used. 

A spring balance essentially consists of a 
spiral spring, to the lower end of which a pan 
or hook is attached. It is suspended from 
the top of a graduated vertical stand. When 
any weight is placed on the pan, or attached 
to the hook, the spring is lengthened. A 
pointer is attached near the lower part of the 
spring which shares the upward or downward 
motion of the spring, and the graduation of 
the vertical stand against which the pointer 
points when a particular body is placed on 
the pan determines the weight of that body. 
It is evident that the same body placed on 
the pan of the spring balance at different 
places on earth, being differently attracted by earth, the 
elongations of the spring will be different, and so different 
weights will be indicated by the pointer. 

7*9. Principle of Physical Independence of Forces. 

The second part of Newton’s second law of motion states 
that the effect on a body (change of momentum, or 
acceleration in a body of constant mass), due to a force, is 
produced along the line of action of the force. The implica- 
tion is that the effect of a force on a body will be produced 
in its b'wn direction under all circumstances, whether the 
body is at rest or has an initial velocity in some other 
direction, or is acted on by other forces. 
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If a body has an initial velocity in any direction, and is 
simultaneously acted on by several forces in different 
directions, the law implies that each force produces an 
acceleration in its own direction quite independently of the 
presence of the others, and the actual acceleration of the 
body will be the resultant of the simultaneous accelerations 
severally produced by the forces. The actual motion of the 
body will be obtained by considering the initial velocity of 
the body together with the resultant acceleration obtained 
as above, simultaneously being possessed by the body. 

This principle, which is embodied in the second part of 
Newton's second law of motion is known as the principle 
of physical Independence of Forces. 

As an illustration, it may be noticed that if a stone be 
dropped by a passenger inside a compartment of a railway 
train from any height, it will strike the same point of the 
floor, whether the train be at rest, or be rapidly moving, and 
the time of fall will be the same in both cases. This shows 
that the vertical motion, which is due to the force of gravity, 
is unaffected by the initial horizontal motion which the 
stone possesses in the second case in common with the 
train, whereas the horizontal displacement of the stone 
during its fall is the same as that of the train, so that the 
initial horizontal motion of the stone is unaffected by 
the vertical force of gravity, which only produces effect, in 
its own direction. 

7*10. Parallelogram of Forces. 

If a particle he acted on by two forces represented in 
magnitude and direction by two given straight lines drawn 
from a point *their resultant is a single force represented in 
magnitude and direction by the diagonal through that point 
of the parallelogram drawn with the given straight lines as 
adjacent sides. 

Let a particle of mass m be acted on by two forces 
represented in magnitude and direction by the lines OA and 

8 
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OB, From Newton’s second law of motion, the effect of 
these two forces simultaneously acting on the particle will 



be to produce two simultaneous accelerations in their 
respective directions, say OA' and OB', where 
OA"* m,OA' and OB==m,OB\ 

Now by parallelogram of accelerations, these two simul- 
taneous accelerations OA' and OB' are equivalent to a 
single acceleration 00\ where OC' is the diagonal of the 
parallelogram OA'C'B', Again this single acceleration 00' 
of the particle m might be produced by a force 00 in this 
direction given by 

OC--m.OC'. 

Thus the joint effect of the two forces OA and OB 
acting on the particle is the same as that of the single force 
00. Hence 00 represents the resultant force. 

OA OC 

Now join A 0 and CB. Since ■■ m - 0 is parallel 

to A'O' and accordingly parallel to OB' or OB. Similarly 
BO is parallel to OA, Hence OAGB is a parallelogram, 
and 00, which represents the resultant force, is its 
diagonal. Thus the parallelogram of forces is established. 

7*11. Remarks on the Third Law ot Motion ; 
mustrations. 

Newton’s Third Law of Motion gives us an insight as 
to how forces act in nature. It asserts that forces never 
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•exist singly, 'but always appear in pairs. A force may be 
-exerted either by direct contact, as when one body presses 
against another or pulls it or it may be exerted as an 
rattraction or repulsion between two bodies from a distance, 
;as in the case of earth's gravitation ; or it may be of the 
nature of a passive resistance like friction etc. But what- 
•ever be the nature of the force, it always requires two 
fbodies or two parts of a body for the exertion of forces, 
and corresponding to a force exerted by one part on the 
•other, there is always an equal force exerted by the second 
•on the first. 0ne of those being referred to as the action^ 
the other is called the reaction. The two together are 
iiermed stress between the two bodies. Every individual 
iorce acting anywhere being either an action or a reaction 
is merely one of the two aspects of the complete action 
between two bodies (or two parts of a body), and it must 
lhave its equal and opposite counterpart somewhere else. 

Beginners may question “If corresponding to any force, 
.acting on a body there is always an equal and opposite 
ireaction, why should a body move at all They must 
bear in mind that the action and reaction do not act on 
the same body (or on the same part of the body). In 
attacking a mechanical problem it is essential to begin by 
fixing upon the particular portion whose motion we are 
,'going to consider, and then see which of the pair of equal 
and opposite reactions act on this portion. Some illustrations 
>will make this point clear. 

1. When a body rests on a table, it exerts a pressure on 
the table on account of its weight. It itself however 
•experiences an upward ’force of support (or reaction) from the 
table which balances its weight and thus keeps it in position. 
If the reaction were not exactly equal to the weight, the 
body would move. If the table be removed, the supporting 
iforce (or reaction) being removed, the body falls on account 
•of its weight ; but simultaneously the pressure on the table 
IS removed. Here the action (in the form of pressure) is 
•exerted on the table, and the reaction (in the form of the 
upward force of support) acts on the body. 

2. When a magnet attracts a piece of iron, the iron 
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also attracts the magnet with an equal force. This may be^ 
verified by placing a small magnet and a piece of iron on a. 
smooth table sufficiently near to one another, when it will 
be noticed that if the iron be held fixed and the magnet be^ 
free, it will move towards the iron, just as when the magnet 
is held and the iron kept free, the latter moves towards the- 
former. 

3. Next let us consider the typical case of a horse- 
dragging a carriage. As the horse pulls the carriage for- 
wards, the carriage pulls the horse backwards with an equal 
force. How is it that they ever get into motion ? 





The horse in attempting to draw the cart strikes the- 
ground obliquely with its hoofs, thereby exerting a force om 
the ground. The ground consequently offers an equal and 
opposite counterforce. Let F' be the horizontal componentr. 
of force received by the horse from the ground. 

Let P be the pull exerted by the horse on the carriage- 
through the connecting string. The horse gets an equal 
backward pull from the carriage. Let F be the total resisting! 
force on the carriage due to friction of the ground, etc. 

Now considering the carriage alone, it moves provided^ 
P > F, If 771 be the mass of the carriage, its acceleration* 
/ will be given by 

P-F^mf ... (i) 

Gonsidering the horse separately, it will he able to move- 
provide P' > P, and if in! be the mass of the horse, the^ 
acceleration of the horse being the same as /,• 

P'-P-*i'/ •(«)/ 
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Considering the horse and carriage together as one 
^system, P, P now form equal and opposite internal forces 
in the system, which cancel one another, and the resultant 
tforce on the system is 

+ ... (iii) 


which can as well be obtained from (i) and (ii). Thus the 
•system moves, provided only the horse can strike the 
ground with such a force that the forward horizontal 


‘Component of the reaction received from the ground, namely 
IF' > F, the resistance to motion of the carriage. In this 


‘Case P will adjust itself to he equal to 


m + m' 


as required 


by (i) and (ii), and / will be given by (iii). 


7*12. Pressure of a body resting on a moving 
orizontal plane. 

Let a body of mass m be placed on a horizontal plane. 


Case L When the horizontal plane is rising vertically 
aipwards with an acceleration /. 

The mass m on the plane rises along with the plane 
with the same acceleration /, and 
it he force which causes it to rise 
is supplied due to its contact with 
ithe plane in the form of the 
upward reaction of the plane. 

Assume this force of reaction to be P. 

The downward force of gravity on the body is its weight 
mg. Hence the resultant upward force on it is I? - mg, and 
this produces the acceleration / in the body. Hence, by 
Hew ton’s second law of motion, 

or P“m{gf+/). 



Now by Newton’s third law of motion, the pressure 
•exerted by the body on the plane is equal and opposite to 
the reaction of the plane on it. Hence for the plane rising 
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with acceleration /, the pressure exerted by a body, of mass* 
m placed on it is 

R-m(g+f). 

Case II, When the horizontal plme is descending^ 
vertically downwards^ with an acceleration f. 

The mass on the plane also descends with the same- 
acceleration /, and hence the resultant force of it is down- 
wards now, so that the upward reaction on it due to itS' 
contact wuh the plane is less than, fts weight mg. 

The equation for downward motion, of the body separately 
in this case is 


mg -E-mf 

and so E^m{g-f), 

The pressure exerted by the body on. the plane, being: 
equal and opposite to the above reaction on the body due to* 
the plane, is 

R-in(g~f) 

in this case. 

The above also explains how a man on a rising lift feels^ 
himself heavier, and one on a descending lift feels himself, 
lighter than bis actual weight. 

Cor. If the plane be at rest, or is moving upwards or 
downwards with a uniform velocity, f being zero, the* 
pressure on the plane exerted by the body is R* mg;,. just 
equal to the weight of the body. 

It may be noted that even though the plane may risei. 
if its upward velocity be gradually diminishing, the upward, 
acceleration is negative, and the pressure on the plane will 
be less than the weight mg. Similarly though, the plane 
may descend, if its downward velocity gradually diminish,, 
its acceleration will be positive upwards^ and* the pressure 
on the plane in this case will be greater, than the weight 
mg of the body supported on it.. 
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7*13. Illustrative Examples on Laws of Motion, 

Ex. 1. A train, whose mass is 300 ions, mwes at the rate of 
60 miles per hour ; after steam is shut off it ts brotight to rest by the 
brakes in 50 yds. Find the force exerted, assuming it to be uniform, 

[C. U, 19S4'] 

60 miles per hours 88 ft. per sec., is the velocity when steam is 
shut of! and brakes applied. 

Velocity becomes zero, after a distance 50 yds. =* 160 ft. is 
described. 


Hence f denoting the acceleration in ft. /sec* 
brakes opposing motion. 


or 


Os 88* -2.160/ 


produced by the 


The mass of the train being 300 tons » 300x2240 lbs., the force 
exerted by the brakes is thus 

300 X 2240 X poundals 

=300x2240x®|^»8x|-lb8.wt. 

s 2240 X 88 X 88 X ^ X tons wt. 

s 242 tons wt. 

N. B. Note that in applying the formula psm/ here, m and/ 
are expressed in lbs. and ft.-sec. units^ and the result is obtained 
thereby in poundals, which, on dividing by 82, is reduced to lbs. wt. 

Ex. 2. A particle of mass 20 lbs, falls from a height of 2b feet and 
penetrates into the ground. If the resistance to penetration is constant 
and equal to a force of 1020 lbs, weight, find the distance through which 
it penetrates. 

Just before penetration into the ground, the velocity of the particle 
is that due to a free fall from a height 25 feet, and is given by 
v*s2.g.25, or v- /y2x32x^ 
a40lt./8eo. 
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Here the upward force of resistance to peuetration is 1020 lbs. wt., 
and the weight of the body which is a force acting downwards, is 
20 lbs. wt. Thus the resultant upward force on the body = 1000 lbs. wt. 
« 32000 poundals. 

Therefore the acceleration opposite to the direction of motion is 
32000 , 

ft.-seo. units B 1600 ft./Beo*. 


Hence, x ft. being the depth penetrated, when the velocity of the 
particle is zero, 

0 = 40^-2xl600xa; 

« 40 X 40 , ^ . - 

®"rx"i 600 “^ 

Ex. 8. A train travelling on a level road at the rate of 16 miles per 
hour comes to the foot of an incline oflin 160 and steam is then turned 
How far will the train go up the incline before it comes to rest, if 
the resistance due to frictwn etc. he 14 lhs» wU per ton ? 

*An incline of 1 in 160’ means that the plane is inclined at an angle 
a to the horizon where sin 

liot ffi lbs. be the mass of the train. 


Since the train is moving up the incline, the component of its 
weight down the plane, i.e. mg sin a, is a retarding force. And the 

force of resistance due to friction 142^5* 9 poundals 


Hence, the total retarding force along the plane 

14x821 
160 2240 




le pli 
- j poundals 


tit lbs. = 


2240 


tons 


retardation 


.32X 

^^160^ 2240 


1 j 1 2 , 

U + S-S®""" 


[/-I] 


16 miles per hour b 22 ft. per sec. 

.*. if X be the distance traversed by the train up the plane 
before coming to rest, 

then, 0B22«-2.f.a; 

22x22 

* • *’‘T>rr" 


605 ft. 
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Examples on Chapter Vil 


A constant force acts upon a mass of 8 lbs. during 
4 secs, from rest and then ceases ; in the next 4 secs, it is 
found that the mass describes 64 feet. Find the magnitude 
of the force. 


2. A body acted upon by a uniform force moves 
through 1. metre in 10 secs, from rest. Find the ratio of 
the ^rce to the weight of the body. 

A mass m lbs. is acted on by a constant force of 
P poundals, under which, in t secs., it moves a distance x ft., 
and acquires a velocity of v ft. per sec. Show that 

1 mv^ 

2 P 






A force equal to the wt. of 1000 grammes acts on a 
mass of 200 grammes for half a minute. Find the velocity 
acquired by the mass. [C. U, 1932] 


6. A heavy body weighing 128 lbs. is being raised from 
the bottom of a pit 100 ft. deep with a uniform force of 
160 lbs. wt. Find the time taken by the body to reach the 
top of the pit. 


6. Each of two bodies at rest on a smooth horizontal 
table attracts the other with the same force irrespective of 
the distance between the two bodies. Show that they move 
over spaces which are inversely as their masses. If the 
masses of the two bodies be 9 and 16 lbs., the constant force 
be 2 lbs. wt., and the distance between the masses be 32 ft., 
find after what time they would meet. 


A 


A mass of 4 lbs. falls 200 ft. from rest and is then 
brought to rest by penetrating 2 feet into some mud. Find 
the average thrust of the mud on it. [U. P. 1940] 


u. . 


A railway train whose mass is 100 tons, moving at 
the rate of 60 miles per hour in a straight line, is brought 
to rest in 10 secs, by the application of a uniform force. 
Find how far the train moves during the time for which 
the force is applied, and calculate the magnitude of the 
force. [0. U. 1940] 
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9. A body of mass 6 lbs. has been falling under the* 
action of gravity for 4 secs. ; find what vertical force applied 
to it will bring it to rest in 64 ft. 


10. A ball of mass 100 gms. falls freely through a 
distance of 10 metres from rest. It is then brought to 
rest by a uniform force acting vertically upwards* on it in 
1 sec. A second force similarly acting on it would stop it 
in 2 secs. Show that the first force is lx\ times the 
second. ' 




[Assume ^=980 cmsIsec^^J] 


11. A bullet weighing half-an-ounce leaves the muzzle 
of a rifle-barrel 2 ft. long, with a velocity of 2000 ft. per sec. 
Find the force acting on the bullet in the barrel, assuming 
it to be uniform ; and also the time taken by the bullet to 
traverse the barrel. [C. U. 1938] 


12. A shot of mass 100 Ihs. moving at the rate of 1600 ft. 
per sec. strikes a fixed target. How far will the shot 
penetrate the target, assuming that it oft'ors an average 
resistance of the weight of 12000 tons ? [C. O’. 1983] 


^18. Find the velocity of a 4 lbs. shot that will just 
penetrate through a wall 10 inches thick, the resistance 
being 42 tons wt. [U, P, 1935] 


14. A train running at 15 miles per hour comes to the 
foot of an incline of 1 in 280. The resistance due to 
friction etc. along the plane is 8 lbs. wt. per ton. How far 
wilLthe train go up the incline before stopping ? 

^5. A railway train exclusive of engine weighs 435 tons, 
and starting along a level line from rest attains a speed of 
40 miles per hour in 7 minutes. Calculate the average 
pull between the engine and the train, taking the resistance 
to be 15 lbs. per ton [0. U, 1935] 

A train runs from rest for 1 mile down an incline of 
1 in 100. If the resistance be equal to 8 lbs. per ton, how 
far will the train be carried along the horizontal level at 
the foot of the incline ? [C7. P. 1941] 


17. A train is moving on a horizontal railroad. Assuming 
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the weight of the train (exclusive of the engine) to be 
160 tons and the resistance arising from friction etc. to be 
8 lbs. per ton, find the pull between the engine and the 
train (i) when the velocity of the train is uniform, and* 
(ii) when it is moving with an acceleration of 4 ft./sec^. 

18. A thief jumps off the terrace of a building with a 
heavy suitcase on his head, and falls vertically. What 
would bo the pressure of the suitcase on his head while he 
is falling ? 

19 . A boy with a basket of 8 pounds of sweets hanging 
from his finger is descending in a lift. The lift starts down 
with an acceleration of 2 ft. per sec^, reaching a steady 
speed which it keeps up till it slows do\^p at the rate of 4 ft. 
per sec^. Find in pounds weight the pressure on the 
hand of the boy during the three stages of the lift’s 
descent. 

A man weighing 12 stone is descending a lift with 
acceleration 8 ft./sec^. Find the thrust of his feet on the 
lift. Calculate the same when he is ascending with the 
same acceleration. What would happen to this thrust if 
the chain of the lift broke (i) during descending (ii) during 
ascending ? [C. f7. 1945] 

21. A thin glass plate can just support a weight of 
27 lbs. A body is placed on it and the plate is raised with 
the body on it with a gradually increasing acceleration* It 
is found that the plate breaks when the acceleration is 
4 ft./sec*. Find the mass of the body. 

22. A man is raising by means of a rope, 28 lbs. of 
water in a bucket weighing 7 lbs., and he feels a uniform 
pressure of 42 lbs. wt. on his hand. If the depth of the 
well be 80 feet, find the time he takes to raise the water to 
the surface. Find also the pressure on the bottom of the 
bucl^. 

V29. A body weighs 2 lbs. at the equator as seen by a 
spring balance, and is observed to weigh i of an oz. more at 
Calcutta, by using the same spring balance. A boy at 
Calcutta can throw a ball 16 ft. vertically upwards. How 
high can he send the same ball at the eqjiator ? 
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Z*. A load W is raised by a rope, from rest to rest, 
through a height h ; the greatest tension which the rope 
•can safely bear is nW, Show that the least time in which 


ithe ascent can 


be made is 



Answers 


1. 

1 lb. wt. 2. 2 : 981. 


4. 

147150 cms./sec. 

5. 

5 secs. 6. 21 secs. 


7. 

404 lbs. wt. 

8 . 

440 ft. ; 27i tons wt. 


9. 

30 lbs. wt. 

11. 

31250 poundals ; *002 secs. 


12. 

IH inches. 

18. 

1120 ft./sec. 


14. 

1058} feet. 

15. 

10778i lbs. wt. 


16. 

1} miles. 

17. 

1280 lbs. wt. ; 20^ tons wt. 


18. 

0. 

19. 

7i lbs. wt., 8 lbs. wt., 9 lbs. wt. 



20. 

9 stones wt. ; 15 stones wt. ; 

The thrust becomes zero in either 


•case. 


21. 24 lbs. 
28. 16*1 ft. 


22. 5 sees. ; 331 lbs. wt. 



CHAPTER VIII 


MOTION OF CONNECTED SYSTEMS 

8'1. Two particles of masses mi and m2 {mi > m‘2} 
are connected by a light mextensible string passing over a 
light smooth pulley ^ and are allowed to hang freely. To* 
find the resulting motion^ and the tension of the string. 

Let /bo the acceleration with which mi descends. As^ 
the string is inextensible, the displacement of mi downwards, 
will always be equal to that of m 2 
upwards, and hence at every instant 
the velocity of m 2 upwards will be 
equal to that of mi downwards. 

Accordingly, the acceleration (rate of 
change of velocity) of m 2 upwards 
will also be the same as that of mi 
downwards, namely f. 

As the string is light, the tension /f 
of the string on each side of the 
pulley will be the same throughout 
its length, and as the pulley is light 
and smooth, the tension does not 
change along the string as it passes* 
from one side to the other of the pulley. Hence the tension* 
of the string is constant throughout. Assume this tension 
to be T in absolute units. 

Confining our attention to the mass mi, the forces acting 
on it are its weight m^g downwards, and the tension T 
upwards, and the acceleration being / downwards, 

mxg-T^mxf ... (0 

similarly, considering the upward motion of m 2 , 

r-m2g*W2/ ••• (ii) 
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Solving (li) and (ii), we easily get 

m^-nia T— ^SLiSa. 

nii + ma mi+nia 


g 


If mi <C m2, the downward acceleration / of mi is 
^negative, mi has a .positive upward acceleration 

and mo has the same acceleration downwards. 

m 2 + mi 


Cor. As the string presses the pulley downwards on 

both sides, the pressure oh the pulley g. 


8 * 2 * Two particles of masses mi and m2 are connected 
hy a light inextensible string passing over a light smooth 
pulley at the edge of a smooth horizontal table, m2 lying on 
the table and mj. hanging vertically. To determine the 
.resulting motion^ and the tension of the string. 


Let / be the acceleration with which mi descends. As 

the string is inextensible 
S m2 will move on the table 

m% ^ along the string with the 

same acceleration. 



As the string is light, 
and the pulley light and 
smooth, the tension of the 
etring will be .constant throughout its length. Let T be 
itihis tension. 


Considering the motion of mi downards, 

m^g^T’^m^J ... (i) 

Considering the horizontal motion of m2 on the table, 

T^^mzf ... (ii) 

iFrom (i) and (ii), we get 

and 


I Si-g 

nii-l-ma 


T-JaiSLL-if 

nii+ma 
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8*3. Two particles of masses and m2 are connected 
by a light inextensible string passing over a light smooth 
pulley placed at the top of a smooth inclined plane of 
inclination a to the horizon, m^ hanging freely and m2 
resting on the inclined plane, the portion of the string on the 
inclined plane being parallel to the like of greatest slope. 
When the system is allowed to itself, to find the resulting 
motion. 

Let / bo the acceleration with which m^ descends. As 
the string is inextensible, m2 will 
rise up the plane with the same 
acceleration. 

Let T be the tension of the 
etring, which, since the string is 
light and the pulley light and 
smooth, must be constant throug- 
out the string. 

Considering the motion of mx 
vertically downwards, 

mxg-T^mJ ... (i) 

Again, considering the motion of. m2 np the plane, and 
remembering that the component of its weight along the 
plane is sin a downwards, 

T - m2g sin a *■ ma/ ... (ii) 

Prom (i) and (ii), solving, we get 
j ^ mg sin a 

-^ m.,ma (1 + sina) 

nil +012 ® 

Note. If till < m, sia a, /is negative, so that will rise up- 
wards with positive aoceleration ^nd w- will descend 

down the plane with the same acceleration. 

Patting a ^ and aero respectively, we get the results of Arts. 8*1 
and 8*2 as particular cases of the above general result. 
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8*4. Atwood’s Machine ; Verification of the Laws 
of Motion. 

Atwood's Machine (constructed on the principle of 
Art. 81 ) is generally used to verify 
Newton’s Laws of motion, as also for 
a rough determination of tlie value 
of g at any place. 

It consists essentially of a 
graduated vertical stand, at the top 
of which a very light smooth pulley 
is attached. Over this passes a fine 
silk thread, at the two extremities of 
which two equal cylindrical brass 
weights P, P are attached. There 
are two platforms and a ring which 
can be clamped by screws ‘at any 
desired points of the stand, the ring 
being somewhere between the 
platforms. There is another piece 
of small weight Q, called a rider, 
with projected arms of a shape 
shown in the figure, which can be 
placed horizontally over a cylindrical 
weight P, and the ring is of such a diameter that it allows 
the cylindrical weight P to pass through it easily, but arrests 
the rider. Initially the rider is placed on one weight P 
which rests on the upper platform, near about the top of the 
stand. The upper platform can be instantaneously dropped,’^" 
when the system, with a weight P + Q on one side and P on 
the other, begins to move. After some time the weight P 
having the rider on it just passes thrpugh the ring, 
when the rider is arrested, and the subsequent motion of 
the system is with equal weights P, P oh’ .either side. 
Finally the motion comes to an end when thd weight P 
passing through the ring reaches the lower platform. 

* Sometimes the upper platform is avoided by using a spring catch 
holding the lower weight P. When starting motion, this catch ia 
released. 
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The distances moved through by the system during the 
two stages of motion, first from start till the rider is arrested, 
and the second from this instant till the end, are noted on 
the graduated stand, and the corresponding times taken are 
recorded by stop watches. Let the distances be hx and }i 2 
and the times be t\ and ^ 2 . Clearly hi is the distance 
from the top of the cylindrical weight P initially resting on 
the upper platform to the ring, whereas /12 is the distance 
from the ring to the top of P when the latter meets the 
lower platform. 

Now assuming the truth of Newton’s Second Law of 
motion, the formula P — mf has been deduced, and thence, 
as in Art. 8*1, we get the acceleration during the first stage 
of motion given by 

. (P +0)-P ^^ Q ^ 

•' (P+g) + P^ 2P+g^ ••* 

With this acceleration, hi is the distance travelled in 
time tiy with starting velocity zero. 

Hence, /i>i“ 2~*2P’4" * *** 

With P and Q known, and h\ and t\ 'noted, the value 
of g is found. 

Altering at pleasure by altering the point of fixation 
of the ring, and noting < 1 in each case, we shall get practi- 
cally the same value of g. 

Conversely, assuming g to be known, the observed 
values of hi. and ti will be seen to satisfy (ii) in all cases 
verifying the correctness of the calculated value of the 
acceleration / as in (i), and thereby indirectly verifying the 
truth of the assumption of Newton's Second Law of motion. 


Again, at the end of the first part of the motion, the 
velocity acquired by the system is given by 

SL 




9 - 


(iii) 


h, 

t2 


2P+(3’ 

It will be observed that this value of v exactly equals 
i\e, h 2 ^hv. By altering %2 by shifting the lower 


9 
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platform, and noting tz in each case, the same result will be 
found in every case to hold. This shows that during 
the second stage of motion of the system, when the 
weights on the two sides are equal, the velocity of the 
system once acquired is uniform in absence of any resultant 
force on the system, thus giving an indirect verification of 
the first law. 

In calculating the acceleration in Art. 8*1, which gives 
(i) in the present case, the tension was considered constant 
throughout the string, and this involved the assumption of 
the third law of motion. The experimental verification of 
the calculated value of / above thus adduces an evidence as 
to the truth of the third law as well. 


8*5. lUustrative Examples. 


Ex. 1. A mass o/3 lbs. descending vertically, drains up a mass of 
2 lbs. by means of a light string passing over a pulley ; at the end of 
5 seconds the string breaks ; find how much higher the 2 lbs. mass will 
go. [U. P. 1934 : Pat. 1935] 

The acoeleration of the connected system in this case is 


3-2 32 ,*, « 


Hence after 5 seconds from start, the velocity of the system is 

QQ 

yX6 = 32 ft./sec,, 


which thus represents the upward velocity of the 2 lbs. mass. 

The string now breaking, the 2 lb. mass is now free, and has a 
downward acceleration g(“32 ft./sec* due to gravity. 

Hence the further height it rises from this instant before its 
upward velocity becomes zero being x ft., 

0*->32*-2.32.a; 
or a® 16 feet. 


Ex. 2. Two smooth wcUined planes of equal heights, whose incUna- 
tions to the horizon are .30^ and 60^, are placed, back to back ; two 
bodies of masses 6 and 10 lbs. placed on them respedineVy, are connected 
by a light, imxtensihle string, passing over a smooth ptHley at the 
common, Fif^^the tension in the string and the 

acceleration of the system. [U. P. 1937] 
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Ijet / be the common, acceleration of the system with which the 


10 lbs. mass descends down the 
•second plane, or the 6 lbs. mass 
ascends up the first plane. 
.Also let T be the tension in the 
string. 

Considering the motion of 
«the masses along the respective 
fplanes, we get, 



T-eg sin 30® =6/ 
lOgsin 60®-!r=10/. 

From these, 


or /=(5^/S-3)£'g=2(6^/3-3) ft./seo*. 


.Again, putting this value of /in one of the equations, 
r=6x32xi + 6x2(5(s/3-3) 

« 60( n/S + 1) poundals. 

Ex. 3. A pulley carrying a total load W hangs in a loop of a cord 
■which passes over two fixed pulleys^ and has unequal weights P and Q 
freely suspended from its ends, each segment of the cord being vertical. 
Shew that W will remain at rest provided 


.1 + 1 _ i . 

Q W [C.U. 1939, ’42} 

0 


Let / be I the acceleration with which P 
•descends. As W remains at rest, the 
•string slipping under it, Q will ascend 
with the same acceleration. Let T the 
•tension of the string, which is evidently the 
:samo throughout its length. 

Then, considering the motions of P 
•and Qt 

P 

P^T<^^*f 
9 •' 




ftnd ^ denoting the masses of the weights P and qJ 
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From these) eliminating /, we ultimately get 
P+Q 


Now, since W remains at rest, its weight is su/pported by the- 
upward tensions ol the two parts of the string on two sides of it andt 
thus 




4PQ . 
P+Q ’ 


t 4 . 1 

w pq “"p‘^q‘ 


Examples on Cbaptev VllI 

[ In the following examples, unless otherwise slated, the strings ate- 
to he considered as weightless and inexiensihle, and the pulleys as smooth 
and of fungible mass, ] 

Two masses 3 and 7 lbs. are connected by a light, 
string passing over a smooth pulley, and hang freely. 
Motion is allowed to ensue from rest. In what time will 
the heavier mass descend 10 feet ? Find also- the distance^ 
described during the next li seconds. 

2. Two scale-pans of mass 100 gms. each, hang freely 
from the two ends of a string passing over a smooth pulley.. 
On these are placed two weights, 398 and 383 gms. 
respectively, and the system is allowed to start with 
the pans in the same horizontal level. % Find the velocity 
of the system when the distance between the pans is- 

Two scale-pans, each of mass 2 ozs., are suspended 
by a light string over a smooth pulley ; a mass of 14 ozs. is. 
placed on one and 6 ozs. on the other. Find the tension o£ 
the string, and the pressures on the scale-pans.' 

4. If two masses each equal to 6 lbs., connected by a 
string hang over a pulley, and a mass of 4 lbs. be added to 
one of them, find by how much the pressure on the pulley 
is.inc^sed. 

Two unequal masses connected by a string hang over 
a pulley. Show that the pressure on the pulley is less- 
than the sum of the weights. 
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• 6 . Two unequal masses connected by a string hang 
over a pulley ; if the^um of the masses be constant, shew 
that the greater the acceleration, the less is the tension in 
the st^g. 

\J7: If two unequal weights be contained in scale-pans 
•connected by a string passing over a smooth pulley, prove 
that if the weights of the pans be negligible, the pressure 
between each pan and the contained weight is equal to the 
tension of the^ string. 

A flexible heavy chain of length 2Z, is moving over a 
smooth fixed pulley, the two unequal portions of it hanging 
vertically. Prove that at the instant when its middle point 
is at a distance x below the pulley, the acceleration with 

which it is moving is ^ g. 

9. A stone of mass 1 kilogram breaks into two pieces. 
These are placed, one on each of two equal scale-pans of 
mass 45 gms., suspended from the two extremities of a 
string passing over a smooth pulley, and it is observed that 
the system moves through 10 cms. in i sec. Find the mass 
of the heavier piece. 


10. Two bodies of masses 14 lbs. and 18 lbs. connected 
'by a string hang over a pulley, and motion is allowed to 
:start from rest. After 3 secs. | the string is cut. What 
time after this will the lighter body come to its starting 
position ? 

11. A weight of 300 lbs. is to be raised through a certain 
height by a cord parsing over a fixed smooth pulley. It is 
found that a constant force P pulling the cord at its other 
end for three-fourths of its ascent communicates sufficient 
velocity to enable it to reach the required height. 

mndP. 

^*^2, Two masses P and Q {P > Q) connected by a string 
hang over a pulley. After 1 sec. from start, P is suddenly 
:8topped, and instantly let go. Find the time that elapses 
before the string becomes tight again. 

<18. Two equal masses hang at rest over a smooth 



134 


INTERMEDIATE DYNAMICS 


pulley ; one is projected upwards with a velocity of 96 ftv 
per sec. ; in what time v/ill the string become tight- 
again ? 

14. A mass of 10 lbs. descending vertically, draws up a 
lighter mass, by means of a thin string passing over a 
smooth pulley ; at the end of 2 secs, the string breaks ; ii 
the lighter body rises 4 ft. higher, find its mass. 


15. A mass of 9 lbs. is attached to one end of a string- 
and masses of 7 and 4 lbs. to the other end, and the whole- 
is hung up over a pulley. The system is allowed to move- 
for 15 secs., when the 4 lbs. weight is cut away. How long, 
will it be before the system comes instantaneously to rest ? 

[U. P. 1939\ 

^16. Two light inoxtensible strings pass over a small 
smooth pulley. On one side they are attached to masses 
3 and 4 lbs. respectively, and on the other to one of 5 lbs. 
Find the acceleration of the system, and the tensions of the* 
■ strings. ‘ [U. P. 1940] < 

17, A light string carrying two unequal weights and! 
passing over a smooth pulley can only just bear a tension, 
equal to if of the sum of the weights ; prove that the least’ 
acceleration possible of the system is and that the lighter 
mass cannot exceed f of the total mass. 

18. A mass of 12 lbs. lying on a smooth horizontal table. 
9 ft. from the edge is drawn along the table by a. 

mass of 4 lbs, hanging freely by means of a light inextensible- 
string passing over a smooth pulley at the edge. How long 
does it take to reach the edge, and what is the pressure- 
on the pulley ? 

10. Two masses 5 lbs. and 3 lbs. are connected by a 
light string passing over a smooth table 2i ft. wide, at right < 
angles to its edges, the smaller mass starting at a point 4 ft. 
below the edge. Find the time taken by the larger masa 
to fall through 6 ft., supposing the smaller mass to pass 
on to the table without loss of velocity. 


so. A light string passing across a smooth table at right, 
angles to two opposite edges has attached to it at the two 
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ends masses tni, m 2 (wi > m 2 ) which hang vertically. A 
particle of mass m is attached to the portion of the string 
lying on the table. Shpw that the acceleration of the 
system when left to itself is 


mi~m 2 
mi+m2 + 

kXi. A smooth inclined plane whose height is one-half of 
its length has a small smooth pulley at the top, over which 
a string passes. To one end of the string is attached a 
mass of 22 lbs. which rests on the plane, while from the 
other end which hangs vertically, is suspended a mass of 
14 lbs., and the masses are free to move. Find the 
acceleration, and the distance traversed by either mass in 
2 seconds. Find also the pressure on the pulley. 

‘ [C. U, 1941] 


22. Masses 6 and 2 lbs. rest on two inclined planes, 
each of elevation 30°, and are connected by a string passing 
over the common vertex ; find the acceleration, and the 
tension of the string. 

23. Two bodies P and Q having masses 9 and 6 lbs. 
respectively are connected by a string passing over the top 
an inclined plane of inclination 30° to the horizon. One 
body rests on the plane and the other hangs vertically. 
Show that P hanging vertically will drag Q up the whole 
length of the plane in half the time that Q hanging vertically 
wi^take to drag P up the plane. 

^24. A mass M is drawn up a smooth inclined plane of 
height h and length I by means of a string passing over the 
vertex of the plane, from the other end of which hangs a 
mass m. Shew that in order that M may just reach the 
top of the plane, m must be detached after M has moved 
through a distance 


M’^m^ hi ^ 
m h + l 


^26. Two weights W and W' are connected by a light 
string passing over a smooth pulley. If the pulley moves 
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vertically upwards with aP acceleration equal to that of 
gravity, shew that the tension of the string is 

4T^ 

W+W''lj‘ISro2£iWj [C. U.1944] 

26. If in the above case the acceleration of the pulley 
vertically upwards be find the acceleration of each weight 
and the tension of the string. 

27. A light rope hangs over a smooth pulley. A monkey 
of weight 5 stone climbs down the portion of the rope on 
one side with an acceleration of 2 ft./sec^. Find with what 
acceleration another monkey of weight 4 stone will climb 
up the portion of the rope on the other side, so that the 
rope may remain at rest. 

28. On one side of a light string passing over a smooth 
pulley, a weight TT hangs. A boy takes hold of, the other 
end, and at an instant when W is at rest, begins to climb 
up the rope with a uniform acceleration, rising 1 6 ft. in 
2 secs. Show that the weight of the boy is ^W, 

^ 29. One end of a string is fixed ; it then passes under 
a movable pulley to which a weight W is attached. 
The string then passes over a fixed pulley, and a weight P 
is attached to its other end, all the three sections of the 
string being vertical. Show that neglecting the masses of 
the pulleys, the acceleration with which W ascends is 

2P-T7 

W+4P^- 

Find also the tension of the string. [C. U, 1987] 

« SO. A small pulley carrying a total load W hangs in a 
loop of a cord which passes over two fixed pulleys, and has 
unequal weights P and Q freely suspended from its ends, 
each segment of the cord being vertical. Show that W will 
ascend wit^h acceleration 

4PQ-WiP + Q) 

4PQ+W{P+Q)^- 

* 81. Two particles, of masses mi and mz, lie together on 
a smooth horizontal table. A string which joins them 
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hangs over the edge in the form of a loop, and supports 
a smooth heavy pulley of mass M ; show that the pulley 
descends with an acceleration 

Mintx ^ 

4mim2 + M{mi +m2) 

Answers 

1. secs. ; 30 ft. 2. 30 cms./sec. 

8. ^ lbs. wt. ; tV lbs. wt. ; i lbs. wt. 4. 3 lbs. wt. 

9. 600 gms. 10. 1^ secs. 11. 400 lbs. wt. 

12. secs. 13. 3 secs. 14. 6 lbs. 

15. 12 secs. 16. 5^ ft./seo^. ; 2^ and 3i lbs. wt. 

18. li sees. ; 3 lbs. wt. 19. 1^ secs. 

21. 2^ ft./8ec^ ; 5§ ft. ; -‘i- n/ 3 lbs. wt. 

22. 8 ft./seo^. ; 1^ lbs. wt. 

qtxrf * Qur 

26. (g+f) and ig+f) both down- 

wards; ^=^^,{ 1 + 27. Sift./seo*. 29. 
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WORK, POWER. AND ENERGY 

91. Work. 

Work done by a force acting at a point of a body for anu 
time is the product of the force, and the displacement of ther 
point of application of the force in its own direction. 

P P 

f t * V ..... ^ 

A B X B A X 

Fig. (i) Pig. (ii) 

Let a force P be acting on a body at A in the direction 
AX for any time, and let A move to B during the interval. 
If AB be in the direction AX, as in the first figure, the work 
done — P.ilB and {^positive. If the displacement AB of A 
is in a direction opposite to the direction of P, as in the 
second figure, the displacement measured in the direction of 
P is - AB, and the work done by the force here is - P. AB, 
which is negative. 

If the displacement AB be in a direction different from 
the direction of the force, say 
making an angle 6 with AX as in 
the third figure, the displacement 
measured in the direction of P is 
AN^AB cos 0, and in this case we 
Fig. (iii) get more generally, 

Work done by P“P. AB cos 0*=? cos 0. AB 

•"Force ^component of displacement of its 
point of application along the line of action 
of the force 

•" Total displacement >c component of the actings 
force along the direction of displacement 
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Note. Evidently the work done is positive ?£ 0 is acute, and negative 
if 0 be obtuse. In particular, if 0 = 90°, the work done is zero, i,e. no 
work is done by a force if the resultant displacement of its point ofi 
application is perpendicular to the line of action of the force. 

9*2. Units for measurement of Work. 

When a force of one poundal acting on a body displaces 
the point of application through one foot in its own direction,^ 
the amount of work done is defined to be a Foot-PoundaL 
This is the British absolute unit of work. 

When a force equal to the weight of one pound displaces 
its point of application through one foot in its own direction, 
the work done is defined to be one Foot-pound. For instance^ 
when a man raises a mass of one pound vertically upwards, 
he does work of one foot-pound against the force of gravity, 
whereas the work done by the weight of the body in this 
case is negative, and — - 1 ft-lb. 

As 1 lb. wt. = g poundals, it is clear 
that 1 ft-lb « g foot-poundals. 

When a force of one dyne acting on a body displaces its 
point of application through one centimetre in its own direc- 
tion, the amount of work done is called an erg. This is the 
0 . g. s. absolute unit of work. 

As this is very small, a bigger unit of c. g. s. system is 
one Joule * 10'^ ergs. 

As one poundal -13800 dynes roughly, 
and one foot — 30*48 cms., 
it follows that 

1 foot-poundal* 80*48 x 13800 ergs 

« 41^P624 ergs approximately, 

and 1 ft-lb. - i.g. 1'346 Joules nearly. 
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9*8. Power. 

When an agent (say a man, or a machine or an engine) 
is doing work continuously, the rate at which it . does work 
per unit of time is defined to be its power. 

Bbitish unit — When an agent is doing work at the rate 
•of 550 foot-pounds per second, it is said to have one Horse- 
power (briefly 1 H. P.). 

C. G. S UNIT — When an agent does loork at the rate of 
1 Joule (10*^ ergs) per second, its power is said to be one Watt. 

We can show easily that 

1 H. P. « 746 Watts nearly. 

9*4. Energy. 

Energy o/ a body is its capacity for doing work. 

There are two kinds of energy that a body may possess, 
namely, Kinetic, and Potential. 

A moving body, by Virtue of its motion, possesses a 
•certain capacity for doing work. For if a force be applied 
to stop it, it does not stop immediately, but moves a certain 
distance against the force before it stops. Consequently it 
•does a certain amount of work against the force before coming 
to rest, ^nd hence at the initial moving state it had in it 
a capacity for doing this amount of work, i.e. it possessed 
an energy. If the opposing force be greater or less, the 
•distance moved by the body before coming to rest will be 
less or greater, and it will be seen below that the amount 
of work 'which the body will perform is definite. 

Again, for a body acted on by a given system of forces 
we may contemplate a suitable position as the standard 
position. If the body be displaced from this position to 
somevother position, in general a certain amount of work 
will have to be done against the acting forces. If the body 
4)6 allowed to go back to the former standard position, 
ihe acting forces will do in their turn the above amount of 
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work. The capacity for doing this amount of work then 
was stored up in the body in its displaced position, which- 
becomes manifest as the body is allowed to go back to its 
standard position. Thus a body may possess energy due to 
its position. We then formally define the two kinds of 
energy as follows : 

Kinetic Energy is the capacity for doing work which a 
moving body possesses by virtue of its motion, and is measured 
by the work which the body can do against any force applied’ 
to stop it, before its velocity is destroyed. 

Potential energy of a body is the capacity for doing 
work which it possesses by virtue of its position or configura- 
tion, and is measured by the amount of work which the 
system of forces acting on the body can do in bringing the 
body from its present position to some standard position, 

9*6. The kinetic energy of a body of mass m moving 
with a velocity v is \mv^. 

Imagine a force P to be applied against the direction of 
motion of the body of mass m 
moving with a velocity v. Let 

X be the distance advanced by ^ ^ — — hK - 

the body before its velocity is — 0' 
destroyed. Then, since the 
opposing acceleration pro- 

p 

duoed by the force is - • we have 
m 

m 

whence, Px -« imv*. 

Thus the work done by the body against the force before- 
it comes to rest is imv*, and this is, by definition, the 
measure of the kinetic energy of the body. 

It may be noted that the K. B. ultimately depends on m 
and V but not on P. 
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Note. The term Vie Viva is used to denote twiee the kinetic 
Energy of a body, so that Vis Viva«f?M?*. 

9'6. The Pidndple of Energy. 

The change in the kinetic energy of a body is equal to 
the work done by the acting force. 

Let a force P act on a body of mass m for any time, and 
let u be the initial velocity and v the velocity at the end of 
the interval, along the line of action of the force. Let x be 
the displacement of the body in that direction during the 

P 

interval. The acceleration produced is ^ » and so 

m 

D* “w* + 2“ •x. 
m 

Hence =» Pa?. , 

Now \mv^ and are respectively the final and initi; I 
hinetic energy of the body and Px represents the work done 
by the acting force. Hence the required result is proved. 

Note. The above result may also be put in the form 

Jmv* - itmP „ 

— -p* 

<which may be ei;pre886d as follows : 

The change in kinetic energy per vnit space is equal to the acting 
4orce, 

97. The potential energy of a body of mass at a 
height h above the ea/rth’s surface is mgh, gravity being the 
only |cting force, and earth’s surface being taken as the 
standard position. 

For here the force acting on the body is its weight mg 
vertically downwards, and in bringing the body from its 
position at a hei^t h to the standard position, namely the 
earth’s surface, the downward vertical displacement is /i, 
and so the work done by the force acting on the body, 
^whioh, by definition, measures the potential energy of the 
Jbody at the height fe, is mghM 
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9*8. Theorem 1. 

A particle of mass m is allowed to fall from rest at any 
height h above the ground; to show that throughout its 
motion, the sum of its kinetic and potential energies is 
constant. 

Let* V be the velocity acquired by the particle at any 
instant, when it has fallen through a vertical 
distance x from its starting position. Since 
the initial velocity is :5ero, and the 
acceleration due to gravity is g, we have 

Hence the kinetic energy of the particle 
= \mv^ *= \nu^gx mgx. 

Also at this point, the vertical height 
above the ground being h - x, 
the potential energy of the particle 
— mg[h - x) 

K.E. + P.B. »= mgfa; + - a?) , 

^mgh, 

a constant independent of x, and so the same throughout 
the motion of the particle. 

It may be noted that at start the K.E. is zero and the 
energy is wholly potential and ^mgh, Again, when it is 
just on the point of meeting the ground, the height being 
zero above the earth’s surface, the P.E. is zero, and the 
energy is wholly kinetic. During the motion of the particle 
there has been a gradual transformation of energy from 
potential to kinetici but the sum total has remained cqnstant. 

^ Theorem II. A particle is allowed to slide down a < 
smooth inclined plane ; to sholo that the sum of its 
kinetic and potential energies is always constant throughout 
its motion. 
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Let a particle of mass m be allowed to slide down a 
smooth inclined plane of in- 
clination a to the horizon, start- 
ing from rest at a point whose 
height above the ground is h. 

The RE. at this point is 
then mgh, and the K.E. is zero, 
so that the total energy at start 
is mgh» 

Let V be the velocity 
acquired at any instant when 
the particle has described a 
distance x along the plane. Since the acceleration down 
the plane is g sin a, 

« 2g sin a,x 

^mgx sin a. 

Now X sin a being evidently the vertical height descended 
by the particle, its height above the ground in this position 

is h'-x sin a, and so 

P.B. -mg {h-^x sin a) 

. K.E. + P,E. — mgx sin a + mg{h - x sin a) 

^mgh 

which is constant and » the initial total energy. 

Note The same result holds if the particle be projected up the 
plane with any velocity. This is left as an exercise to the student. 

Theorem IIL To prove that for a projectile the evm 
of the kinetic and potential energies is constant throughout its 
motion. 

Let a particle of mass m be projected from the ground 
with a velocity u at an angle a to the horizon. 

Its initial E.E. is then \mu^ and P.E. is zero, so that 
the total energy at start is 
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Let V be the velocity of the projectile at an angle d with 
the horizon, when it is at any vertical height h above the 
ground. 


V 



Since there is no horizontal acceleration of the projectile, 
its horizontal component of velocity remains unchanged, 
and so 

V cos cos a ••• (i) 

Again, the acceleration due to gravity being g downwards, 
considering the motion of the projectile in the vertically 
upward direction, 

sin^ sin^a “• (ii) 

Squaring (i) and adding to (ii), 

-2gh 

K.E. ■■ - 2gh) *» - mgh. 

Also, h being the vertical height above the ground here, 
P.E. 

K.E. + RE. — imw* - mgh + mgh « kmu^ 

■» the initial total energy of the projectile, 
and is thus the same at all heights. 

9*9. The Principle of Conservation of Energy. 

The results of the above article are only simple examples 
of a fundamental principle in Dynamics known as the 
principle of Conservation of Energy, which may be stated as 
follows : 


10 
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If a body a?* a system of bodies move binder a conservative 
system of forces, the sum of its kinetic and potential energies 
remains constant 

A force system in Dynamics acting on a body is defined 
to be conservative when the work done by the forces of the 
system, as the body moves from one position to another, 
depends only on the initial and final position of the body, 
but not on any intermediate position, or on the path by 
which the motion takes place, nor on the velocity or the 
direction of motion of the body at any moment. 

For instance, the force of gravitation is a conservative 
force. Electrical or Magnetic forces are also conservative 
forces. On the other hand, the force of friction of a rough 
surface on which a body may slide is not a conservative 
force. Thus a body sliding down a rough Inclined plane 
will not have the sum of kinetic and potential energies 
constant, but this sum will gradually diminish, as can be 
mathematically verified. Again, when two bodies come into 
collision, it will be seen in a later chapter that the sum- 
total of the energies of the two bodies will in general 
diminish. The question arises as to what becomes of this 
energy in these cases of non-conser.vative forces. This leads 
to the formulation of the more general form of the 
Principle of Conservation of Energy in Science. 

Energy has been defined to be the capacity for doing 
work. Now in addition to the energy of motion or energy 
of position which we have defined above, a body may 
possess a capacity for doing work on account of its physical 
condition. For example, a gas, when in a heated state, 
possesses a capacity for doing work,, and can actually be 
made to do mechanical work in cooling down. Similarly, 
an electrified body possesses a capacity for doing work on 
account of its electrified condition. A body enaitting sound 
is in a vibrating condition, and as such, possesses an 
energy. Light is also another form of energy. Now if we 
take into account all the forms of energy recognised by 
Modern Science, we may state the principle of conservation 
of energy in the most general form as follows : 
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Energy cannot he created, nor can it he destroyed, hut it 
may he transformed from one form into another. The sum- 
total of the energies in this universe is constant. 

9*10. Illustrative Examples. 

• Ex. 1. A locomotive draws a train iveighing 200 tons along a level 
track at a speed of 40 miles per hour, the resistance due to friction etc. 
•amourUing to 10 Ihs. per ton. What horse-power is it exerting ? Find 
also the horse-power necessary to draw the train at the same speed up an 
incline of 1 in 200, the frictional resistatice being the same as on level. 

[C. U. 1953] 

The frictional resistance being 10 lbs. wt. per ton, the total force 
.against which the train moves on the level track is 10x200 lbs. wt. 

Now since the train moves with a uniform velocity, the resultant 
^orce on the train is zero, and so the force exerted by the locomotive 
is exactly equal to the resisting force i.e. equal to 2000 lbs. wt., and 
ithis force displaces the train at the rate of 40 miles per hour 
« ^ X 44 ft. per sec. 

Thus work done per sec, bv the locom otive is 2000 ft.-lbs. As 
a H.P. produces 660 ft.-lbs. of work per sec., the horse-power exerted 
by the locomotive is 

= 2134 H.P. 

In the second case, the component of the weight of the train 
4own the incline *200 x^ia tons wt, * 2240 lbs. wt. Hence the total 
force Including the resistance, against which the train moves is 
‘2240+ 2000* 4240 lbs. wt., and this is also the force exerted by the 
aocomotive when the train moves uniformly. For the same speed as 
(before then, the horse-power necessary is 

4240x?|?x^0-«2i^H.P. 

» Ex. 2. A ^0 horse-power motor lorry, weighing & tons including 
oad,movesupahillwiih a slope of 1 in 20. The road resistamce is 
-equivalent to 18 Z6s. weight per ton, and may he supposed indepmdent of 
-the velocity. Find the maximum steady rate at which the lorry oan 
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move up the slopes and the acceleration capable of being developed whem 
it is moving at 6 milee per hour. 

The ^.P. of the lorry being 20, the work it can do per sec. is- 
20 X 550 ft.-lbs., while using its full power. 

The component of the weight down the slope here is 5 x 2240 x To — 
560 lbs. wt., and the road resistance is 13 x 5 lbs. wt. Hence the total* 
force against which the lorry moves is 560 + 65 » 625 lbs. wt. 

While moving at a steady rate, the force exerted being equal to this,, 
the velocity v ft. per second when the lorry is working at full power is- 
^ given by 

625xi? = 20x650 

88.,/ 88^30. /, 

or - ft./sec.= r- X - %.e. 12 miles/hr. 

0 5 44 

which is thus the maximum steady rate with which the lorry can move* 
up the slope. 

Again 6 miles per hour = 6 x * V* ft. /sec., and when the lorry 
moves with this velocity, the force P, in lbs. wt. which it can exert- 
by using its full power is given by 
44 

Px\ « 20x550 or P= 1260 lbs. wt. 
o I 


The resisting force being 625 lbs. wt., the resultant upward force is- 
625 lbs. wt. «b625 X 32 poundals. Hence the acceleration developed in* 
this case is 


626x32 
5 X 2240 


1“ 

14 


ft./scc*. 


Ex. 3. Water t originally at rest in a tank, is being pumped out mth^ 
a speed of 96 feet per se&>nd, through a pipe of diameter 2i incAea.- 
Neglecting any work done in changing the level, calculate the horse- 
power of the engine, if the efficiency of the pumping machinery be 75%.- 
[A c.fL of water weighs 62*6 lbs*] , [17. P. 1941] 

By elfleleney of a machine is meant the ratio of the useful work; 
yielded by a machine to the whole amount pi work performed by it 
(a portion of work, which is wasteful work, being done against, 
frictional resistance etc. between the parts of the machinery)^ 
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Now X denoting the horse-power of the engine, 550a; ft. -lbs. of total 
'Work is done by it per second, of which the useful work done in this 
•case is 

75 

l^x 650a3 ft. -lbs. per second. 

The area of the section of the delivery pipe here is tX sq. feet, 
.and as water is issuing through it at 96 ft. per sec., the volume of 
'water coming out per x^Gc.ft. of which the nlass is 

T ^ (fs)* ^ ® ****• 

As the velocity of this water is 96 ft. per sec., its kinetic energy is 
|x|^x^“j x96x62*5|x96^ in absolute units. Originally, this 
‘Water starting from rest, the K.E. was zero. 

Now by the principle of energy, the change in K.E. = the work done 
•by the engine producing it ; thus the useful work done by the engine 
iper sec. 

= ^ X X j * X 96 X 62'5 X 96* fool-poundals 

» i X Y X X 96 X 62*5 X 96* x ^ foot-pounds and 
ithis as shown above must be equal to 


IHence 




1 22 
*= 2 X 7 X 


/ fl \ * 1 100 1 

x96x62'6x96*x,.- X X; 

\4o/ 


32 75 650 


^ which is the H. P. of the engine. 


Examples on Chapter IX 

1 . A man weighing 10 stone walks one mile up an 
incline of 1 in 7. Find the w6rk done. If he takes 
20 minutes for the walk, find the H.P. at which he works. 
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2. A horse pulls a block of stone on a level ground 
through h yds. with a force 546 lbs. wt. by means of a 
string inclined at 60® to the horizon, and does the same- 
amount of work as done by a pump raising 38 kilograms of 
water from a depth of 23 metres. Find h, given 1 foot- 
poundal -■ 419520 ergs. 

Find the work done by gravity on a stone having 
a mass of i lb. during the tenth second of its fall from. rest. 


[U. P. I94S\ 

A railway wagon weighing 10 tons is started from 
rest by a horse, which exerts a constant pull of 120 lbs. wt. 
The frictional resistances are 9 lbs. weight per ton. How 
far does the horse move the wagon in one minute, and at 
what H. P. is the horse working at the end of the minute T 

[U, P. 1945] 


6. A motor boat of 40 H. P. working at full speed 
moves at the rate of 20 miles per hour. What is the^ 
resistance of water to its motion ? 


6. An engine of 400 H.P. is drawing a train of 200 tons- 
mass, up an incline of 1 in 280, at 30 miles per hour. Find, 
the road resistance in pounds weight per ton. 

' A train whose weight is 100 tons is moving up an' 

inclined plane with a uniform speed of 45 miles per hour,, 
inclination being 1 in 100. Find the horse-power of the 
engine, the resistance due to friction etc. being 7^5 of the 
weight. [C. U. 19401 

8. If the resistance and the friction of the rails be 1 lb., 
wt. per ton, what is the horse power of an engine which 
will maintain a speed of 40 m. p. h. in a train of 80 tons on 
a level ? What additional horse-power would be required 
to maintain that speed up an incline of 1 in 200 ? 

9. cyclist can ride down a slope of 1 in 80 without 
any effort at a steady speed of 10 m. p. h. If the cycle and 
the rider together weigh 200 lbs., find the horse-power 
exerted when the cyclist rides at the same speed uphill 
against the same frictional resistances. 
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If frictional resistances vary as the square of the speedy 
find what speed the cyclist can attain on the level if the 
same horse-povrer is exerted as before. 

10 . A locomotive of mass 20 tons pulls a mass of 
200 tons from rest with a constant force along a horizontal 
track such that a speed of 60 m. p. h. is attained in the 
first 6 miles. Prove that at the end of this journey the 
locomotive is working at the rate of about 361 H. P. 

(All frictional resistances are to be neglected). 

11. train of total mass 200 tons is travelling on the 
level at a constant rate of 60 m. p. h., the engine working 
at 400 H. P. If the resistances apart from air-resistances 
are 2000 lbs. wt., find in lbs. wt. the air-resistance. 


If the air-resistance varies as the square of the speed, 
and the engine is drawing the same train up a gradient of 
1 in 112 at a steady rate of 30 m. p. li., at what horse- 
power is it working, assuming frictional resistance to be 
same as on the level. 


\A2. A rifle bullet loses i^th of its velocity in passing 
through a wooden board. Find through how many such 
uniform boards it would pass before being stopped, assuming 
the resistance of the boards to be uniform. 

y [ Apply the principle of energy. ] 

^ Vis. Find the horse-power of an engine which can project 
10000 lbs. of water per minute with a velocity of 80 ft. per 
second. [C. C7. 1944] 


' M4. A fire-engine raises 1200 gallons of water per 
minute through a height of 6 feet, and discharges with a 
velocity of 32 feet per second. Find the horse-power of 
the engine, given that one gallon of water weighs 10 lbs. 

[U. P. 1940] 


16 . Show that the horse-power required to pump 
1000 gallons of water per minute from a depth of 60 feet, 
and deliver it through a pipe of cross-section 6 square inches, 
is about 34i. [Assume 1 cubic ft. of water gallons, and 
that 1 gallon of water weighs 10 lbs.] 
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16. The watersupply of a hill station is provided with 
pumps of 5000 H. P. which raise the water a distance of 
4200 ft. (vertical). The efficiency of the pump is 92‘4 per 
cent. Assuming that the i)umps operate continuously, find 
how many gallons per day are provided for consumption. 
(A Gallon of water weight 10 lbs.) 

V/l7. A labourer has to supply bricks to a bricklayer 
vertically above him, at a height 12 ft. He throws them 
up so that they roach the bricklayer with a velocity of 12 ft. 
per sec. What proportion of his work could he save if he 
threw them so that they might just reach the bricklayer ? 

[ H . P . 1944] 

18. An engine draws a train along a level line starting 
from rest. If the pull of the engine be constant till steam 
is shut oft, and the resistance F be constant throughout the 
journey, then the greatest rate of working is 

_2[F^ 

where M is the mass of the train, I the length of the journey 
and t the time occupied by it. 

19. A train, whose mass including that of the engine is 
ilf, is moving along a level track. When the speed of the 
train is Vi.its acceleration is A and the resistance to motion 
is Pi, When the speed of the train is its acceleration 
isAandthe resistance to motion is ^ 2 - If the engine 
works at a constant rate H, prove that 

H(v 2 -n) ■■VlV2(Pl •“P2) + ilfPlV2(/l “"A). 


20. An engine of weight W tons can exert a maximum 
tractive effort of P tons weight, and develop at most H 
hdrse-power. The resistances to motion are constant and 
equal to B tons weight. Show that starting from rest, the 
engine will first develop its full horse-power when its 

velocity is ftVsec. after at least 

seconds. What is 
can attain ? 


ft./8ec. after at leas. ^pglpZji) 
the greatest velocity which the engiile 
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Answers 


1. 

105600 £t.-lbs. ; *16 H.P. 

2. 




2. 

162 ft.-lbs. 

4. 

77| feet ; 

H.P. 


5. 

760 lbs. wt. 6. 17. 

7. 

S06i( H.P. 



8 . 

8* H.P. ; 95t^ H.P. 

9. 

H.P. ; 

10V5 m. 

p. h. 

11. 

600 lbs. wt. ; 490 H.P. 

12. 


13. 

H. P. 

14. 

8 JET. P. 

16. 

5227200. 

17. 



20. 66 nl2UR ft./sec. 



CHAPTER X 


IMPULSIVE FORCES 


10*1, Impulse. 

The impulse of a force acting on a body for any time is 
the product of the force and the time during which it acts. 

Ijet P be the force acting on a particle of mass m for 
any time t. 

Then by definition, impulse of the force is 

1-Pl. 


Now let u be the initial velocity of the particle in the 
direction of the force, and v the velocity at the end of the 
time t in the same direction. Since the acceleration produced 

% . P 

by the force on the mass is » we get 
^ m ^ 

t; = + • t 

m 

Thus Pt = m{v - u) ** mv - mu 

i.e. I-mv-mu. 

Hence, 

Impulse - change of momentum. 


Note. If the force which acts on a body for any time t be variable, 
we should diyide the whole time i into infinitely small portions, each 
so small that during that small interval the measure of the acting 
force may be considered as constant, and then find the impulse during 
^each of these small intervals, and finally add them up to get the total 
impulse. It is evident that during each small interval the impulse is 
equal to the change of momentum produced in the body, and adding 
up, the total impulse** the total change of momentum produced. 
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10*2. Impulsive forces. 

Let a force act on a body of given mass m for any time 
t. Suppose we know the initial position and motion of the 
body at the instant when the force begins to act. The 
effect of the force acting for time t will be in general, to 
^produce a definite displacement as also to produce a definite 
change of momentum, and these two being known we know 
the final position and motion of the body completely. Now 
it has been shown that the change of momentum produced 
by the force is known if we know the impulse of the force 
for the time. Thus the whole effect of a force acting on a 
body for any given time will be known if wo know the 
impulse of the force during the interval, and the displacement 
of the body produced during the interval. 

Now there is a particular type of forces, which are 
sudden forces of the nature of blows, of extremely short 
duration, but sufficiently large so as to produce in a body a 
finite change of motion, i.e. a finite change of momentum, 
though during that short interval for which the force acts, 
the body has not time enough to have any appreciable 
displacement. As an example, when a cricket bat bits a 
ball, the duration of action of the force on the ball is the 
time for which the ball actually remains in contact with 
the bat, and this is extremely small. But during that 
small interval, practically the twinkling of an eye, the 
motion of the ball is definitely altered. The ball meets the 
bat and immediately separates from it, and during the 
period of actual contact the displacement of the ball is. 
negligible. The effect of the hit therefore is to produce a 
sudden change of motion of the ball practically at the same 
spot where the bat meets the ball. With this newly 
acquired velocity the ball moves on, but that motion is a 
subsequent affair when the hit has already done its effect,, 
and is no longer acting. As in the case of such sudden, 
forces the time of action is infinitely small, and the dis- 
placement of the body negligible, the acceleration produced 
by the force cannot be determined in general, and hence the 
magnitude of the force in ordinary units cannot be deter- 
mined, nor are required for any purpose. To know the 
whole effect of the force in such a case it will be sufficient. 
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to know the change of momentum produced by it, for that 
would give us the newly acquired velocity of the body from 
which the subsequent positions and motion of the body can 
be studied. The force in this case is very large, but the 
•duration is very small and the product of these two, i,e, 
impulse of the force is finite, as is evidenced by tlie change 
of momentum produced, which equals this impulse. The 
-effect ot such forces depending solely on their impulse, the 
measure of such forces are also expressed by the impulse as 
determined by the change of momentum produced. Hence 
such sudden forces are termed impulsive forces. We give 
the formal definition as follows : 

An Impulsive force is a very large force of an extremely 
short duration, such that the impulse of the force, that is, the 
•change of momentum produced hy it in a body, is finite, but 
ihe displacement of the body during the short interval is 
negligible. The measure of such a force is given by its 
impulse' only, which also gives the tohole effect of such a 
force. 

10 3. Principle of Conservation of linear momentum. 

When two (or any number of) bodies move under their 
mutual actions and reactions only (whether finite or 
impulsive), and no external forces act on the system, the suni- 
jtotal of their momenta along any direction is constant. 

For if A and B be two bodies moving under no external 
forces but their mutual action and reaction, by Newton’s 
third law of motion, the action of on B is at every instant 
•equal and opposite to the reaction of B on ; again, so 
long as there is action, there is also the reaction, and thus 
the time for which the two forces (action and reaction) act 
Tis the same for both. Hence the impulse of the two forces 
are equal and opposite, and as the impulse of a force is 
’known to be equal to the change of momentum produced by 
it, it follbws that the change of momentum produced in A is 
«equal and opposite to the change of momentum produced 
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in Hence taken together, the total change of momenta 
of A and B is zero, or in other words, the sum-total of the 
momenta of A and B along any direction is unchanged. 

The result then can be extended to the case of any 
number of bodies moving under mutual actions and reactions 
only. 

Note. If on a system there be external forces acting, of which- 
the algebraic sum of the resolved parts in a particular directim is zero,- 
then the sum-total of the momenta of the system is constant in that* 
direction only. 

Two well-known examples of the above principle in 
case of impulsive action and reaction between two bodies 
are given below : 

(A) Collision of two bodies. 

When two moving bodies and B come into collision,, 
the time for which they remain in contact is extremely 
small, but within that small time 
the velocities of the bodies are 
definitely altered by the mutual 
action and reaction between the 
two bodies. These forces of action 
and reaction are therefore of the 
nature of impulsive forces, equal 
and opposite to one another. The 
line of action of these forces in 
case of smooth bodies is clearly 
along the common normal at their point of contact, and this- 
line is known as the line of impact. 

Let m and m be the masses of the two bodies, u and u 
their velocities along the line of ' impact immediately before 
collision, v and v their velocities measured in the same^ 
direction immediately after collision. Then by the principle* 
of conservation of momentum proved above, we get in this, 
case 



m V + mV « mu + m'u', 
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This gives us one equation between the two unknowns 

V and V. A second equation for this case will be obtained 
in the next chapter. 

Cpr. If tho two bodies after collision do not separate, but coallesce 
to form one body, i.e^ if the bodies be inelastic^ (for instance, in 
case of two clay balls coming into collision), the common velocity V of 
this single body, whose mass is evidently is found; from the 

principle of conservation of momentum, by the equation 

(B) Motion of a Shot and a Gun. 

When a gun is fired, the gunpowder is suddenly con- 
verted into gas by explosion, and this gas in trying to 
expand, forces the shot forwards. An equal and opposite 
reaction is exerted on the gun. The duration of this 
expansive force is extremely small, only so long as the shot 
naoves within the muzzle. Hence the force is impulsive 
in nature. As the shot moves within the muzzle, the 
volume of the enclosed gas gradually expands and so the 
expansive force is variable, but at every instant the 
force on the shot and the reaction on the gun are equal 
and opposite. The time being common for both, the total 
impulse of the force on the shot and on the gun are equal 
and opposite. The total changes of momentum of the 
shot and the gun are therefore equal and opposite. 

Initially, both the shot and the gun were at rest. 
Hence, when the shot emerges out of the muzzle of the 
gun, the momentum of the shot forwards is equal to the 
momentum generated in the gun backwards. 

Thus if m and M be the masses of the shot and the gun, 

V being the muzzle velocity with which the shot emerges 
from the gun, the gun will recoil with a velocity V given by, 

10*4. Illustrative Examples. 

A marble whose mass is 2 ounces is dropped on a horizontal floor 
from a height of 25 feet and rebounds to a height of 16 feet. Find the 
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impulse aiid the average force Mween the marble and the floor if the 
time during which they are in contact he of a secmvd. 

On hitting the floor the velocity of the marble 

=V2yx 25= <s/2r32.25 = 8x5= 40 ft. see.. 

And on leaving it the velocity 

/ = ^/2/7X16= *y2.32.16 = 8x 4 = 32 ft. sec. 

The mass of the ball = = ^ lbs. 

Impulse = change of momentum 

= ^ {32-(-40)> = ix72 = 9 units. 

If P be the averege force between the marble and the floor, the 
resultant force upwards (taking into account the weight of the body) 
producing the change of momentum is P— ^.32. 

.-. (P- J.32)Xj'i5=9, or, P~4=180 

. * . P = 184 poundals.* 

2. How far must a weight of b cwt, fall freely to drive a pile 
weighing 640 lbs. , 3 inches into the ground against an average resistarvee 
of 6 Umst assuming the weight moves on with the pile, [C. U, 1944] 

Let h ft. be the height through which the body of mass 5 cwt. 
^ = 6x112 lbs.) fall freely before it hits the pile. 

Its velocity then immediately before impact is given by 
= ^gh ot V— sl^gh = tji x 32 x /t « 8 tjh it,l sec. 

If v' be the velocity of the weight and the pile combined after 
impact, then from the principle of conservation of momentum, we get 
(560+640)t;' = 660t; 
or v' * Vn X 8 ijh f t./seo. 

The average resistance of the ground is 

5 tons wt.>» 6x2240 lbs. wt. upwards, 

whereas the downward weight of the system 

^ - 660+640 « 1200 lbs. wt. 

Hence the resultant force acting on the system after impact = 
6x2240-1200*10000 lbs. wt, upwards, and against this the system 
moves 8 inches i.e., i ft. before coming to rest. 
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Hence the work done by the acting force 

= - (10000 X 32 X i) ft.-poundals, 

which (being in absolute units) = the change in the kinetic energy 
of the system. 

Thus, 0-ixl200x([^x8 v’fc)’ = - (10000 x 32 x J). 

, 10000 x 8xl5*_1875 ,111 

Hence " 196 '*196 '*• 


Ex. 8. A shell, lyiru) in a straight smooth horizontal tube, suddenly 
explodes and breaks into portions of masses m ami m\ If d is the 
distance apart of the masses after a time t, show that the work done by 
the explosion is 

1 m m' 

2 w+m' t^ 

Let V and n' be the velocities after explosion of the portions m 
and m' respectively (in opposite directions) along the tube. Theu^ 
by the principle of conservation of momentum, 

mv-wVssO or mn—m^o^ ... (i) 


Also, the distance apart between the portions after t sees, is, 
(u+t?') ••• (ii) 


by (i) & (li), \ 


v' + ^ . 

m nt+m' t(m + m') 


(iii) 


Now the work done by the explosion 

= the kinetic energy generated by it 
= imv’ + 4mV* 

- 1 [ x J ' by (ill) 

_1 mm' ^ 

“*2w+m' t* 

Ex. 4. A mass m after falling f reely through a feet begins to raise a 
mass M greater than itself and connected ivith it by means of cm in- 
extensible string passing over a fixed pulley. Shew that M will have 
retiSih^ to its original position at the end of time 
2w /2a 
M-m\ g’ 


Find also what fraction of the visible energy of mis destroyed at the 
instant when M is jerked into nigtion. 
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The velocity acquired by m in falling freely through a distance 
a is given by 

or 

v' denoting the velocity of the system when M is jerked into motion, 
by the principle of conservation of momentum, 

(ilf -f m)v = mr ~ 7)1 J zga. 

or v^~^^^sj2ga,\7h\ch represents the velocity 

with which the heavier mass M begins to move upwards. 

For the subsequent finite motion, the acceleration of the heavier 

mass M downwards is ^ 

M + m '' 


Hence M will at first rise and subsequently fall, and come back to 
its. original position after a time I given by 


or 


/2 a 

(j * 


Again the K. E. of the system immediately before M is jerked into 
motion is — im.2ga = mffa, and immediately after, it is 

*117 ^ 

J ( Jf + ^ )t; ' * « 4 (M + w) ( j u * « 

^ M+m 

Hence the fraction of the visible energy destroyed 

Ex. 5. A shot lohose mass is m penetrates a thickness s of a fixed 
plate of mass M, If M were free to move, show that the thickness 
penetrated would he 

Let denote the initial velocity of the- shot, and P denote the 
force of resistance to penetration. In the first case when the plate 

11 
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is fixed, s denoting the distance moved over by m into the plate 
before it comes to rest, we have, by the principle of energy, 

— Ps or ••• (i) 



In the second case, when the plate is free to move, as the shot 
penetrates ihe plate, its velocity diminishes due to the resisting 
force P, and the velocity of the plate increases from zero 
due to the equal and opposite reaction acting on it. So long as the 
velocity of the shot remains greater than that of the plate, penetration 
continues, until when both acquire a common velocity t’(say), there will 
be no further penetration, and thus P ceases to act. Let x denote the 
distance moved over by the plate up to this instant, and s' the thickness 
penetrated by the shot in this case. Then applying the principle of 
energy in tbis case, we get, 


i(M + m)v‘* “ = - P{x + s') + Px = - Ps' . . 

Also from the principle of conservation of momentum, 
(M+m)v = mil. 

Hence from (ii), 

1 


2 Af + m 
or 

From (i) and (iii). 


-\mu^ = — Ps' 


Af , 

’M 


-Ps' 


s^_M_ 

s M+m 


^sM 
M+m * 


•/(»;)■ 


(ii) 


(iii) 


Ex. 6'. A continuous jet o] water which is issued from a circular pipe 
of :4ito^0s diameter strikes a wall at right angles with a velocity of 
SQ^i fCper sec. and then drops straight down. Find the pressure on 
ihe wall* 


[1 cub. ft. of water weighs 62} lbs.] 
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Here we are dealing with a succession of impacts or impulsive 
forces. The amount of momentum destroyed per sec. due to the 
reaction of the wall on the jet gives the average force or thrust on 
the surface (which is equal and opposite to the reaction). 


Area of the cross-section of the pipe 




sq. ft. 


the mass of water reaching the wall per sec., 


and its velocity is 38 ft. per sec., which is reduced to zero after 
striking the wall. 


the momentum destroyed per sec. 


-22 _7^ 192 126 192 

7 4^X12^ 5 2 6 


units (absolute) 


= 22x7x8x5 units. 


pressure on the wall 

= 22x7x8x6 poundals 

22x7x8x5,, . 

32 - 

= 192-5 lbs. wt. 

Ex. 7. Fitid the average pressure per square foot on the ground due 
to a rainfall of li inches in 5 hoursy assuming that rain falls freely from 
height of 000 ft, 

[A cubic foot of water weighs 62i lbs.] 

The velocity of rain on striking the ground 
= V^"x 900 « V2 X ^2><96d 
= 8 X SO ft. per sec. 

^ The volume of rain that falls on a square foot in 6 hours 
= X -j X cub. ft. 

= Vjj cub. ft. 

the mass of rain that falls on a square foot in 5 hours 
.^xAjAlbs, 
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momentum destroyed per sec. due to reaction of the ground on/ 
the rain drops 


pressure on the ground per sq. foot (being equal and opposite to* 
the reaction of the ground) 

125x8x30 , , 

= KjxFxT^0x60 
= ,'.2 poundals. 


Examples on Chapter X 

/ 

^1. A tennis ball of weight 2 oz. is dropped from a 
height of 9 ft. on to a racket which is held still in a hori- 
zontal position, and rebounds vertically to a height of 4 ft. 
Find the impulse on the racket and the average force on the 
l)all if the impact lasted t^th of a second. 


2. A 4 oz. cricket ball moving horizontally at 80 ft. 
per sec. was hit straight back with a speed of 48 ft. per sec. 
If the contact lasted second, find the average force 
exerted by the bat. 

3. A body of mass 5 lbs. moving with a velocity of 
12 ft. per sec. impinges directly on a mass of 10 lbs. movinij. 
with a velocity of 6 ft. per sec. in the same direction ands 
adheres to it. Find the velocity of the compound body. 


If they were moving in opposite directions before 
impact, show that after impact they are brought to rest. 

A railway truck of weight 10 tons moving with a 
velocity of 8 ft. per sec. impinges on another truck of weight 
4 tons which is at rest and travels after impact with a 
velocity of 6 ft. per sec. Find the velocity of the S6coi|d 
truck and also the ( bss of K. E. in ft.-lbs. due to the 
impact. I 

A boy of mass M standing on perfectly smooth ice* 
picks up a stone of mass m as it is sliding towards him. 
with velocity v. At what rate will the boy begin to slide ? 
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\/6. A shell, moving horizontally with a velocity of 
1600 ft. per sec., is split into two parts hy an internal 
'explosion. The velocity of one part is reduced to 1100 ft. 
per sec. in the same line. Find the velocity with which 
the other part moves if its mass is y of the whole. 

1^7. A hammer weighing 1 lb., striking a nail weighing 
1 oz. with a horizontal velocity of 34 ft. per sec., drives the 
nail 1 inch into a fixed block of vs^ood. Find the resistance 
of the wood, assuming that the hammer moves with the 
nail after the blow. 

An inelastic mass of 6 cwt. falls freely from a heiglit 
of 9 ft. upon a pile of mass 12 cwt., and drives it into 
the ground. If the average resistance of the ground to 
penetration by the pile be equal to 2iV tons wt., find the 
distance through which the pile is driven by the blow. 

9. A shot of mass 14 lbs. is fired horizontally with a 
velocity of 1280 ft. per sec. from a gun of mass half-a-ton. 
If the recoil of the gun be resisted by a constant force of 
one ton weight, find the distance through which the gun 
moves back and the time it takes before coming to rest. 

(10, A gun of mass 1500 lbs. fires a shot of 15 lbs. and 
recoils 12 J ft. up a smooth inclined plane of 1 in 8. Find 
the muzzle velocity of the shot. 

11. Masses vi and 2m are connected by a string whicli 

passes over a smooth pulley. The ascending body picks up 
a mass m at the end of 3 seconds. Find the resulting 
motion. [C. XJ. 1943] 

12 . Two bodies each of mass 2 lbs. at rest are connected 
by a string passing over a small smooth fixed pulley ; a lump 
of putty whose mass is 1 lb. falls on one with a velocity of 
10 ft. per sec. and sticks to it. Find the velocity of the 
system h a second after the impact. 


'-^3. A body of mass 6 lbs. after falling freely through 
4 ft. lifts a body of mass 10 lbs. from rest vertically up- 
wards by means of a light inelastic string passing over 
.smooth fixed pulley. How far will the 10 lbs. mass rise ? 
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What is the impulsive tension of the string when the hotly 
is lifted ? 

14. Two particles of masses 10 lbs. and 4 lbs. connected 
by a light inextensible string passing over a smooth fixed 
pulley are left free. If the heavier particle reaches the ground 
(assumed inelastic) after descending a distance of 21 feet^ 
find how many seconds later it will be jerked oft* the ground 
and the height to which it will rise subsequently. 

[The portions of the string on either side of the pulley are- 
assumed sufficiently long.] 

15. Assuming that rainfalls freely from a height of 729 ft. 
find the pressure per square foot duo to a fall of inches 
in 2 hours. (A cubic foot of water weighs 1000 ozs.). 

16. Water flows at a velocity of 4 ft. per sec. from the* 
lower end of a vertical pipe 2*4 inches in diameter and after 
falling freely 21 ft. strikes a horizontal plane without re- 
bounding. Find the impulsive pressure on the plane in lbs. wt. 

17. A continuous jet of water is thrown by a fire-engine 
so as to strike a wall at right angles with a velocity of 72 ft. 
per sec. If the section of the hose he 4 square inches and' 
the water rebound with a velocity of 24 ft. per sec., find the- 
pressure on the wall. 

18. An inelastic ball of mass 40 Ihs. is dropped from a 
height of 96 ft. above the ground and at the same time a 
second ball of mass 20 lbs. is thrown vertically upwards to* 
meet the former. In order that immediately after collision 
the balls may be at rest, show that the second bail must be 
projected with a velocity of 96 ft. per sec. 

19. Two masses and moving along the same 
straight line collide and form one body. If a force applied 
to stop the masses individually before collision would bring 
them to rest in distances and respectively, find , the 
disi^GUPlHto which the joint body after collision would be 
brotil^t to rest by the same force. 

%p. A shell is dropping vertically, and when its velocity 
Hr and height /r, it bursts into two fragments of masses 
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and W 21 which, after describing parabolic orbits, reach the: 
ground in tx and seconds. Show that 

mi _ txivtQ +hft 2 ^ ~ W. 
m 2 t2(h- vt\ - igti^) 

21. A shell fired from a gun explodes into two equal 
parts when at the highest point of its path. If one of the 
parts falls vertically from rest, show that the other will 
describe a parabola of which the latus-rectum will be four 
times that of the original parabola. 

22. A gun is mounted on a gun carriage movable on a 
smooth horizontal ground, and the gun is elevated at an 
angle a to the horizon ; a shot is fired and leaves the gun 
in a direction inclined at an angle d to the horizon ; if 
the mass of the gun and its carriage be 11 times that of the 
shot, show that 

tan 0=*|l+ j tan a. 


23. A shot of mass m is fired with a velocity u relative 
to a gun mounted on a carriage which is free to move on 
a smooth horizontal ground, the gun being elevated at an 
angle a to the horizon. If the mass of the gun and 
carriage he ill, find the range of the shot on the 
ground. 

A gun of mass 3/ fires a shell of mass m horizontally 
and the energy of explosion is such as would bo sufficient to 
project the shell vertically to a height h. Show that the 
velocity of recoil of the gun is 




f 2m^g?t 
I3f(m + 3f)l 




A bullet of mass m, moving with velocity strikes 
a block of mass 3f, which is free to move in the direction of 
the motion of the bullet and is embedded in it. Show that 
the loss of kinetic energy is 


1 mM 2 

2 m + M^ 
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26. A body moving along a straight line, splits into two 
parts of masses m\ and m 2 by an internal explosion which 
generates kinetic energy E, Show that if after explosion 
the parts move in the same line as before, their relative 
speed is 


v/27 


V \mi m 


Uof 


'27. A bullet of mass m is fired with a v'elocity u at a 
body of mass il/, which is receding from it with velocity V ; 
the bullet perforates the body and emerges with a velocity v. 
Show that the subsequent velocity of the body is 


r+ 


m(u - r) 

M 


28. If two inelastic spheres have a direct impact, show 
that the K.E. lost by the impact is tiiat of a body whose 
mass is half the harmonic mean between the masses of the 
two impinging spheres, and whose velocity is equal to their 
rel^ive velocity after impact. 


\/29. A shell of mass m is ejected from a gun of mass M 
by an explosion which generates kinetic energy E, Prove 
that the initial velocity of the shell is 


V 


_2ME 
(M + m)m 


30. A smooth wedge of mass M and angle a is free to 
move on a smooth liori^jontal plane in a direction perpendi- 
cular to its edge. A particle of mass m is projected directly 
up the face of the wedge with velocity F. Prove that it 
returns to the point on the wedge from which it was 
projected after a time 

(m + M) gm\a 


Answers 

1 . 5 units ; 2 lbs. wt. 2. 20 lbs. wt. 
4 . 5 ft. per sec. ; 67000 ft.-lbs. 


3. 8 ft. per sec. 
mv/(mH-K). 
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6. 

3600 ft 

. per sec. 

7. 

204 lbs.‘ wt. 8. 9 inches. 

9. 

2 ft. ; 

J inch. 

10. 

10 ft. per sec. 

11. 

The masses move with ; 

a velocity of 24 ft./sec. 

12. 

5*2 ft./ 

sec. 

13. 

2J ft. ; GO units of momentum. 

14. 

o sec. ; 

Vi ft. 

1.5. 

lbs. wt. 16. 2'9 lbs. wt. 

17. 

375 lbs 

. wt. 



19. 


!*l "f“ ^ Ytl-iX-V*" 

M u‘^ 

23. . • sin 2a. 



CHAPTER XI 


COLLISION OF ELASTIC BODIES 

ll’l. A solid body has a definite shape. If a force 
is applied at any ])oint of it trying to change its shape,, 
in general all solids which we meet with in nature yield 
slightly and get more or ‘less deformed near the point. 
Irnmediatel., , internal forces come into play tending to 
restore the body to its original form, and as soon as the 
disturbing force is removed, provided it is not too large, 
the body regains its original form. This property of a solid 
is referred to as its elasticity of shape. 

If a hall be dropped from any height upon a liard floor,, 
it is observed, after striking the floor, to rebound to a 
certain height (which is in general less than the height 
from which it is dropped). The reason for this is the 
elastic property of the solid referred to above. When 
the ball strikes the floor, it does not meet the floor at a 
single point. The impulsive action of the floor rapidly 
stops the downward velocity of the ball, and at the same 
time causes a temporary compression near the point of 
contact, and the ball actually meets the floor in a small 
circle, as can be verified by laying a thin layer of coloured 
powder on the floor. Now on account of the elastic 
property of the solid it tends to regain its original form 
quickly, and in so doing, presess the floor and receives an 
equal and opposite impulsive reaction from it, and thereby 
gains the upward velocity with which it rebounds. 

Now’ different substances have got their elastic 
properties different. If balls of different material be 
dropped from the same height upon a floor, (or if the same 
^ ball be dropped from the same height upon floors of 
different constitution), the heights to which they rebound 
after striking the floor will be observed to be different. 

Again if the same ball be dropped on the same floor 
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from different heights, the height of rebound will also- 
vary, being greater when the ball is dropped from a 
greater heiglit. Now the height from which the ball 
is dropped gives us the velocity with which the ball 
meets the floor immediately before collision. Also the 
lieight to which the ball rebounds gives us the velocity 
with which the ball started immediately after striking the 
floor. A remarkable thing may be noticed. It will be 
found that the ratio of the velocity with which the ball 
separates from the floor immediately after collision, to 
the velocity with whicli it approaches the floor immediately 
before striking it, is a constant so long as the ball and 
the floor are the same, whatever the lieight from which 
the ball is dropped, and this constant differs for different 
sets of ball and floor. Newton’s experiments on the 
collision of two bodies (not simply of a ball on a floor, but 
between two balls both moving differently) lead to a 
similar result, which is formally enunciated in the next 
article. 

11*2. Direct and oblique impact ; Newton’s law. 

When two bodies come into collision, the common 
normal at their point of contact (to their touching surfaces) 
is known as the line of impact. 

In case of two impinging spheres, clearly the line of 
centres is the line of impact. 

When two impinging bodies have got their velocities 
immediately before collision, both along the line of impact, 
it is said to be a case of direct impact. 

When either of the colliding bodies has got its 
velocity immediately before collision in a direction different 
from the line of impact, the case is one of oblique impact. 

Newton’s Experimental law on Collision : 

When two bodies impinge on one another ^ the relative 
velocity of separation of the two bodies immediately after 
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impact^ measured along the line of impact^ hears a constant 
ratio to their relative velocity of approach along the same 
direction immediately before impact. 

This constant ratio (usually denoted by e) for a i)articular 
pair of colliding bodies is referred to as their coefficient' 
(or modulus) of elasticity, (or restitution, or resilience). 

Mathematically speaking, if Ui, u^ he the components 
of velocity of two colliding bodies along their lino of 
impact before collision, and vu their component 
velocities after collision along the same line, all measured 
in the same sense, and e be the coefficient of resti(iution, 
then 

e(u2-ui). 

Thus the greater the velocities with which two bodies 
strike each other, the greater is the relative velocity with 
which they separate. 

When one or both the bodies are altered, e becomes 
different, but so long as both the bodies remain the same, 
e is constant. 

The quanity e, which is a positive number, is never 
greater than unity. Wlien for a pair of colliding bodies 
e-»l, that is when the relative velocity of separation of 
two bodies after collision is equal to their relative velocity 
of approach immediately before the impact, the bodies are 
said to be perfectly elastic. 

When for a pair of colliding bodies e=*0, that is when 
two bodies after collision do not sei^arate, they are said 

to be iiiefastic. 

Perfectly elastic bodies are never met with in nature. 
A v6ry good approach is a pair of glass balls for which 
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11'3. Direct impact of a sphere on a fixed plane. 

A ball is dropped from a height h on a horizontal floor. 
The coefficient of elasticity between the ball and the floor 
being e, to find the height to which the ball rebounds. 


The velocity u acquired by the ball in 
falling freely under gravity through a 
height h is given by + 

^i^-2gh or J‘lgh. \ 


o 


This is then the velocity of approach 
immediately before collision with which 
the ball strikes the floor. 

Let V be the upward velocity with 
which the ball separates from the floor 
immediately after collision. Both u and 
V, being vertical, are along the common normal at the 
point of contact of the ball with the floor, and so the 
impact is direct. 



By Newton’s experimental law of impact, 
v = eu = ej2gh. 

- I 


Hence H being the height to which the hall reboumls. 
0~v’‘-2gH, 


or, 


y 

H = 


2g 


e^.2gh 

2g 





Note. The above indicates a rough method of determining e for 
bodies of any two materials. A thick plate of one is fixed on the 
door, while a ball is made of the other ; h and H are observed against 


the graduations on a neighbouring vertical wall, when e 



11*4. Oblique impact of a smooth sphere on a fixed 
plane. 

A smooth sphere impinges obliquely on a fixed plane with 
a velocity u at an angle a with the line of impact, e being the 
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coefficient of restitution between the sphere and the plane, to 
find the velocity immediately after impact. 

Let V be the velocity of 
the sphere immediately 
after the impact, in a direc- 
tion making an angle 0 with 
the line of impact. 

The component of velo- 
city along the line of impact 
immediately before the 
impact is u cos a towards 
the floor, which is thus, the 
velocity of approach along the line of impact. Similarly the 
velocity of separation from the floor measured along the 
same line after impact is given by v cos 0. 

Hence by Newton’s experimental law of impact, 

vcps0 = ewcosa ••• (i) 

Again, since the sphere is smooth, tlie impulsive reaction 
of the floor on the ball is along the common normal, that is 
along the line of impact, and the change of velocity of the 
ball will be produced in this direction only. Perpendicular 
to the line of impact, (that is parallel to the floor) there 
being no force component, the component velocity in that 
direction will remain unchanged, and so 

V sin 0 « sin a •” (ii) 

From (i) and (ii), we get 

v^uj sin’^a +e®cos*a, 0 « tan“ ' 

Cor. Ife“l, v^u and 0-a. 

Hence a perfectly elastic ball impinging obliquely on a 
fixed plane rebounds with the same velocity, making the 
same angle with the normal to the plane as the angle of 
incidence. 

On the assumption of the corpuscular theory of light. 


I 
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the laws of reflection, in view of the above result, requires 
the light particles to be perfectly elastic. 

11*5. Direct impact of two smooth spheres. 

Two smooth spheres of masses mi and m 2 movinq along 
iheir line of centres with velocities u\ and Ui (measured in 
the same sense) impinge directly, 
immediately after impact, e being the 
between them. 

Let Vi and V 2 he the velocities 
of the two spheres immediately 
after impact measured along their 
line of centres in the same direction 
in which Uy and U 2 are measured. 

As the spheres are smooth, the 
impulsive action and reaction bet- 
ween them will be along the com- 
mon normal at the point- of contact, 
i.e., along their line of centres, and 
so perpendicular to this line there will be no velocity 
generated in the spheres. 

From the principle of conservation of momentum, 

~ + W2Z^2 ... (i) 

Also from Newton’s experimental law of impact of two 
bodies, e denoting the coefficient of restitution between the 
spheres, 

t’2 - I - «2 ) • • • (ii) 

Multiplying (ii) by m 2 and subtracting from (i), 

(mi +m2)t^i **(wti -em2)u\ + m2?42(l + «) (iii) 
Similarly, multiplying (ii) by mi and adding to (i), 

(mi + m 2 )v 2 ■*mi7ii(l + e) + (m 2 -emi)z ^2 (iv) 

(iii) and (iv) give Vi and V 2 respectively. 

Cor. If mi ■■m 2 and e-> 1, we get Vi *“W 2 and V 2 ^^t\* 
Hence two equal perfectly elastic spheres after direct impact 
interchange their velocities. 


To find their velocities 
coefficient of restitution 
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11*6. Oblique impact of two smootfr Cfpheres. 

Let two smooth spheres of masses mi and m2, moving 
with velocities Ux and U2 at angles at and a 2 with their 
line of centres, come into collision, as indicated in the 
figure. 



Let vi and V2 be their velocities immediately after 
impact in directions making angles 0 i and 62 respectively 
with their line of centres. 

As the bodies are smooth, the impulsive action and 
reaction between them will be along their line of centres, 
and so perpendicular to this direction thfere will be no 
change in the component velocities. Hence 

Vi sin di^Ui sin oi ••• (i) 

V2 sin 02 *=^2 sin 02 ••• (ii) 

Again, by the principle of conservation of momentum, 
the sum -total of the momenta of the two bodies along the 
line of impact will be unchanged. Hence, % 

f,',. 

nixVi cos 0i + m2t?2 cos 0 2 i 

“miWi cos ai +m2W2 cos ••• (iii) 

Lastly, by Newton’s experimental law of impact, 

V2 cos 02 - vi COS 0 1 e{ti\ cos a x - U2 cos 02) (iv) . 
(the relat. velocity of (the rel^t. velocity of 

separation along the apprpap^^ ' along the 

line of imnactl " liite of Impact) 
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Brom (iii) and (iv), we get 

a -em2)u± cos ax+m2il + e)u2 cos 02 / \ 

v± cos ; (v) 

mi + W2 

.. n _mi(l + e)7/i cos oi - 6mi)w.j cos 02 / 

V2 cos U2 - ( vi) 

mi + m2 

From (i) and (v) we get Vi and 0 i, and from (ii) and (vi), 
V2 and $2 are obtained. 


^7 Loss of Energy due to collision. 

■^(A) Direct impact 

Let two smopth spheres of masses mi and m2 moving 
with velocities Ux and U2 along their line of centres come 
into direct collision, and let Vx and V2 be their velocities 
immediately after impact measured along the same direc- 
tion. The spheres being smooth, the impulsive action and 
reaction between them will be along the line of centres, and 
so perpendicular to that line there will be no velocity 
generated in the spheres. Let e be the coefficient of 
restitution between the spheres. 

Then by the principle of conservation of momentum, 
^ 1^1 + m 2 V 2 ** w^it^i +m 2 W 2 ••• (i) 

Also, by Newton’s experimental law of impact, 

V 2 -Vx^e{ux-U 2 ) **• (ii) 

From (i) and (ii), we get 

(mi + m 2 )vi •miWi +m 2 W 2 "" ^wi 2 (wi ^42) ••• (iii) 
Now th^ loss of the total kinetic energy of the spheres 

— (imiWi* +im9W2^)-(imit;i‘^ + Jm2V2^) 

-imi(wi* -'yi®) + im 2 (tt 2 * -V 2 ^) 

-•imi(wi ~ Vi)(wi + t;i)-+ Jm2(w2 -"t;2)(t42 +^ 2 ) 

■■ iinxiux Vi)i(tti + c;i) - (^2 + ^2)} from (i) 

- \mx{ux - vJKtti - W 2 ) “ iv2 - Vi)} 

•* imx(ux - tj J(«i - i^2)(l - e) 


from (ii) 
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1 Tfli 

“ 'o ~ + Wa)?ti - (»»i + ms)!; 1} 

Z TUI T 17I2 

“ I ~ - Ma)Kwi + m.i)ui - nil Ml - WaMa 

+ ma(Mi - Ma)} from (iii) 

- I ~ e)iui - MaXmaCwi - Ma)(l + e) 

Is mi + m2 


1 m^m 2 

2 7% +m2 




As e < 1 generally, the above expression is essentially 
positive, and thus there is actually a loss of total K.E. by a 
collision. Only in the case e«l, i.e. in case of a collision 
of perfectly elastic bodies, the above expression is zero, and 
hence the total K.E. is unchanged by impact. , 


^B) Oblique impact. 

Let two smooth spheres impinge obliquely on one 
another, and let the notations be as in Art. 11 ‘6. 

The loss of the total K.E. of the spheres by the impact 
+m2W2*)’“i(wJit;i^ +m2V2^) 

- ^(cos*ai + sin^ai) + m2W2 ^(008^03 + sin*a2)} 

- iWit;i^(co8^ei + sin^Oi) + m 2 V 2 ^(cos* 62 + sin*62)} 
= J{mit4i^ cos^oi + m2^t2* cos^a2} 

-i{mii;i^ cos^6i+m2V2* cos^d2f 

(by equations (i) and (ii) of Art. 11*6). 

Now with the help of equations (iii) and (iv) of Art. 1 i‘6, 
proceeding exactly as in the above case (A) of direct impact, 
(noting that ui, U2t vi, V2 of the case of direct impact are 
I only replaced by u^. cos ai, U2 cos 03, Vx cos 61, vo cos O2 in 
this case) the expression for the loss of total K.E. by impact 
becomes 

2 m± + m2 
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iwrhich is essentially i)ositive, since e *< 1. Here also, for 
e 1, i.e. for oblique impact of two perfectly elastic smooth 
spheres, there is no alteration in the total kinetic energy. 

irS. Impulsive action (or reaction) between two 
•colliding spheres. 


(A) When there is a direct impact. 

Let mi and m 2 be the masses of two smooth spheres 
coming into a direct collision, Ut and ti 2 being their 
respective velocities immediately before, and vi and V 2 their 
velocities immediately after the impact along the line of 
centres, all measured in the same sense. 

Then, from the principle of conservation of momentum, 
m^Vt + m 2 Va ■“ • (0 

Also, from Newton’s experimental law of impact, 

V 2 ^Vt’°e(ux-’U2) ... (ii) 


From these, 

{mx+m2)v2 =*miWi +m2W2 +cmi(t4i - Wa) (hi) 

Now the impulsive blow on ni 2 , measured by its impulse, 
being equal to the change of momentum produced, is, 

I-ma(v2-‘W2) 

j^miWi +m2U2 + em\{ui — U2) — (mi +m2)w2 j 

(using hi) 

m — - U2) + emiiui -U2) j 


^ m 2 

mi +m2 


mi + m2 


mi + m 2 


The impulsive blow on mi is equal and opposite to it. 


(p) When there is an oblique impact. 

The impulse of the blow, being measured 'by • the 
change of momentum produced along the line of impact. 
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we are to take into consideration only the components of the* 
initial and final velocities of the spheres along this line^ 
and proceeding exactly as in the above case, we get the 
measure of the required impulsive blow in this case givew 
.by . 

I = (l + e)(«i cos a 1 - 212 cos a^) 

+ wi2 


11*9., Illustrative Examples. 

Ex. .1. A hall overtakes another ball af m times its mass^ which is 

moving ikith - th of its velocity in the same direction. If the impact 
n 

reduces the first hall to resit prove that the coefficient of restitution is 
w +n 
mn—m 

11 

and that m must not he less than ^^2* 


Let M be the mass and V the velocity before impact of the first 
V 

ball ; then mM and are the corresponding quantities lor the’ 
n 

second. Let v be the velocity after impact of the second ball, the- 
first ball being reduced to rest. 


Now e being the coefficient of restitution, we get, from Newton’s- 
experimental law, 

.-.(r-g-svlr. ... ,11 


Also, from the principle of conservation of momentum, 
V 
n 

, w+n 




or, 


y Tr ' 

+- as 7 . 

m n mn 


Hence from (i), 

^Tr ^""1 — tr m4-n m+n 

* or r rv® '• 

,n mn w(n— 1) mn—m 

4gain, as e is never greater than unity, wn-w < 

n ; in othor words, m is not less than — 

w — 3 
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Ez. 2. A ball is thrown from a point on a smooth horizofntal ground 
with a velocity V at an aitgle a to the horizon^ Assuming e to he the 
'Coefficient of restitution of the hall with the ground, show that the total 


time for which the ball rebounds on the ground is - , 


and that Us 


distance from the starting point when it ceases to 


rebound is 


F* sin 2a 
g{l-c) * 

[C. L\ 1942] 



We know that the projected ball, after describing a parabolic orbit, 
will strike the ground with the same velocity V at the same angle a 

with the horiaon as at start. The time of flight 
2F* 

range J2* - - sin a cos a. 


Now suppose that immediately after the first rebound, the velocity 
of the ball is Fj at an angle a, to the horiaon. Then, by Newton’s law 
of impact, considering motion along the lino of impact, i.e. in the 
vertical direction, 

F, sin a , = 0 . F sin a 

and as perpendicular to the line of impact there is no change of 
irelooity, 

Fj cos a, = F cos a. 

For. the parabolic orbit after the first rebound till the second 
rebound, 

the time of flight S'. - 
and the tange B, - 

Similarly, from the second to the third rebound » 
and 


and so on. 
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Hence the total time for which the ball rebounds 


T 

in/«- _ 


^’’sin a 


and the total distance moved over by the ball before it ceases ta 
rebound 


-R+eR-he^R + *'*adinf^z — = 
'' 1-e 


y® sin 2a ^ 
g(^-e) 


Ex. 8. A hall impinges directly upon another hall at rest and 
itself reduced to rest by the impact ; if half of the initial kinetic ei^rgy 
is destroyed in the collision, find the coefficient of resitution. 

[U. P. 19421 


Let m be the mass of the first ball, u its velocity immediately 
before impact, M the mass of the second ball, and 7 its velocity 
immediately after impact. Then from the principle of conservation* 
of momentum and by Newton’s law of impact we get respectively, 

MV -mu and F=cw ... (i) 


Now by the given condition, energy lost = half the initial energy 


or 

or 




MV^ 

'm 




i,e„ using (i), 

l-c»4 or e = J. 


Ex. 4. A smooth circular hoop lies on a smooth horizontal table, and 
is held fixed, A particle projected on the table from a point on the 
inner circumference of the hoop. Prove that if the particle return to the 
position of projection on the hoop after two impacts, its original direction 
of projection must make with the radius through the point, an angle 

tan“ * {«* /(I + « + » 

e being the coefficient qf restitution. 

Prove that the same result is true even if the hoop is free to move on- 
the table. 
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Let u be the velocity with which the particle is .projected from A in 
a direction AB at an angle 0 to 
the radius OA . 

After its first impact at By 
let u’ be its velocity along BC 
at an angle 6' with OB. After 
its second impact at C, the 
particle moves along CA to 
return to its starting position 
A. Let 0" be the angle OCA. 

Then for the first impact 
at By since OB is the line of 
impact, by Newton’s law, 

w' cos = cos 0 ... (i) 

and perpendicular to the line of impact, there being no change of 
velocity, 

u' sin 0' sin 0 ... (ii) 

From (i) and (ii), tane' = -^^ 

6 

Similarly, for the second impact, 
tan r = 

e 

Now from Geometry, since OA-OB-OC, from the triangle ABGy 
2e^ + 20' + 2^" = ir or + 

. X jnf . X n t^n ^' + tan 0'' . . 

. . tan(e +0 ) = cot<? or f y- = cot 9 
i.e, tan 0 (tan 0' + tan = 1 — tan 0' tan 0'' 

or tan 

or tan’O ( J +>+>).! giving tanV-^^^^. 
whence, 0-tan”M«Vl+«+e*)^ 
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If the hoop is free to move on the table, we assume u' to be 
the velocity of the particle relative to the hoop after impact at 
B, and BC at an angle 6' to OB, the relative direction of motion. 
The equations (i) and (ii) are then unaltered. Again, after the second 
impact with the hoop at the point G of the hoop, the relative direction 
of motion of the particle with respect to the hoop is CA, in order that 
it may come to the same position A on the hoop (though not the same ‘ 
position in ' space) as at start. As Ncwton*s law relates to relative 
velocities of approach and separation between the two bodies, 
the equations of impact are unaltered. Thus the final result is the 
same. 

Ex. 6, Two equal elastic balls are projected towards each other at the 
same instant in the same vertical plane from two points in the same hori- 
zontal planet v being the velocity and a the elevation in each case* Show 
that after impact they will return to the poin\s of projection if 
ga{l + e) = sin 2a 

e being the coefficient of restitution^ and 2a the distance between the points 
of projection. 



• Let the balls projected from A and B come to collision at C, which 
by symmetry Is vertically above the mid-point 0 of ilB, at a height h 
Bay, Let V be the 'velocity of either at an angle 9 to the horizon 
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immediately before impact, and V' at an angle S' to the horizon, that 
immediately after. Let t bo the time from A to C, and t' the time in 
the subsequent parabolic path from C to ^ of one of the balls. The 
line of impact is clearly horizontal, and considering the motion along 
and perpendicular to the line of impact, 

27' cos 0' = c.2F cos S and V sin V sin S, (i) 

Now for the initial parabolic path from ^ to C ' 

7 cos 0 = ?; cos a, 1 /... 

V sin 0 = v sin a- gt j *** ' ' 

and a^v cos a. t ... ... (iii) 

h — v sin a. t — . ... ... (iv) 

Also for the subsequent parabolic path from C to -4, 

a= 7' cos 5'. = 7 cos 0. = e ?; cos a. •«. (v) 

— /i=7' sin S', t' — sin S» 

= {v sin a — gt)t' — ^gt'* ... ... (vi) 

From (iii) and (v), 

(< + 0= “ h+ ^ ) ••• — (vii) 

' V cos a\ e / 

Also from (iv) and (vi), adding, 

0=u sin a (t + t')-^g(t + ty ... ... (viii) 

whence Iv sin a=»a (^ + t')« (by vii) 

V cos a e 

gfa(l+e)»=2eu^ sin a cos a = sin 2a. 

Note. It may bo noted that by the impact at C, the vertical 
component of velocity is not altered. Hence considering the conti* 
nuous motion from 4 to C and back from C to 4, so far as the vertical 
motion is concerned, we see that in time t + t\ the vertical distance 
described by the ball is zero. Hence we can at once write down 
equation (viii), instead of writing the equations (iv) and (vi) and thence 
deducing (viii) with the help of (iii) and (v). 

Examples on Chapter }il 

1. A particle falls from a certain height upon a fixed 
horizontal plane and rebounds, and takes 1 second to reach 
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the plane again. If the coefficient of restitution be i, find 
the height from which it fell. 


2. A glass marble projected along the smooth floor 
of a room hits directly the opposite wall and returns to 
the point of projection again. If it takes thrice as long 
in returning as it took in going, find the coefficient of 
elasticity. 


8. A ball projected vertically upwards with a velocity 
of 32 ft. per second from the ground meets with an obstacle 
at a height of 4 ft. and returns to the ground again. If the 
coefficient of restitution between the ball and the obstacle 


be and 


1 

x/2' 

will 


that between the ball and the ground be - 

show that the ball after rebounding from the ground 
again just reach the height of the obstacle. 

\/4. A ball is dropped on a horizontal floor. If the time 
taken by the ball to rise to tbe greatest height fr6m the floor 
after the second impact be half of that taken by the ball to 
drop down to the floor before the first impact, show that 

6 “ Jh- 


5. A ball falls from a height of 36 feet upon an elastic 
horizontal plane. If the coefficient of elasticity be 
find the total space described before tlie ball ceases 
rebounding. 

A particle falls from a height h upon a fixed hori- 
zontal plane. If e be the coefficient of restitution, show 
that the whole distance described before the particle has 
finished rebounding is 


+ e 


and that the whole time taken is 




2h 1 "bg 
1-g 


7. A ball of nfitss 5 oz. moving with a velocity of 48 ft. 
per sec., impinges on a fixed smooth plane in a direction 
making an angle of 30^ with tbe plane. If the coefficient 
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of restitution be find the velocity and direction of motion 
of the ball after the impact. 

Find also the impulsive action on the plane. 

8. A ball falls from a height of 25 feet upon an inclined 
plane of elevation 45**. If the coefficient of restitution be 4, 
find Uie magnitude and direction of the velocity after impact. 

V^. A ball slides from resli from the top of a smooth 
inclined plane of height h and elevation 45^. If the co- 
efficient of restitution be 4, show that the range on the 
horizontal plane after rebound is 

10. A perfectly elastic ball dropped on an inclined plane 
strikes the plane again after rebounding. Show that the 
interval between the times of the two inpacts is independent 
of the inclination of the plane. 

» 

11. A particle is dropped from a height of 16 feet on a 
plane of elevation of 30°. How far down the plane is its 
next point of impact, if the coefficient of restitution be i ? 

12. A sphere of mass 5 lbs. moving with a velocity of 
6 ft. per sec. overtakes a sphere of mass 4 lbs. moving with 
a velocity of 4 ft. per sec. in the same direction ; if the 
impact be direct and the coefficient of restitution be 4, find 
the velocities of the spheres, after impact. Find also the 
impulse of the blow. 

13. A ball moving with a velocity of 8 ft. per sec. 
impinges directly on an equal ball moving in the same line 
with a velocity of 4 ft. per sec. in the opposite direction ; if 
the coefficient of restitution be 4, show that after impact the 
first is reduced to rest and the second turns back in the 
opposite direction with the velocity it had before impact. 

14. Two equal spheres whose elasticity is i moving in 
opposite directions with velocities 8 cms. and 4 cms. per sec. 
respectively, impinge directly upon each other. Find the 
distance apart between the spheres 10 secs, after the impact. 

vis. Two balls impinge directly anti the impact inter- 
changes their velocities ; prove that they are perfectly 
elastic and of equal masses. 
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16 . A ball A directly strikes a ball B which is at rest, 
and after collision their velocities are equal and opposite ; 
find the coefficient of elasticity, supposing the mass of B to 
be k times the mass of A . 

J[s there any restriction on the value of A; ? 

17 . A sphere impinges directly on an equal sphere at 
rest ; if the coefficient of restitution be e, show that their 
velocities after the impact are as 1 - e : 1 + e. 

18 . An elastic pile weighing w lbs. is driven vertically 
by a hammer weighing W lbs., the hammer having 
a fall of X feet. If the resistance to penetration be 
P lbs. wt., and e the coefficient of elasticity, find the 
distance penetrated by the pile into the ground. 

; 19 . A ball is dropped from a height of 48 ft., and at the 
same instant an equal ball is projected vertically upwards 
from the ground with a velocity of 96 ft. per sec.' The two 
balls collide with one another. If the coefficient of restitu- 
tion be find the times taken by the balls to reach the 
ground after the impact. 

v/^0. An elastic ball of mass m falls from a height on a 
fixed plane and rebounds. Show that the loss of K.E by the 
impact is mgh (l - e^). [C. 17. 1.9501 

21 . Two balls of masses 2 lbs. and 3 lbs. are moving 
with velocities 6 ft. per sec. and 3 ft. per sec. respectively in 
the same direction along the same straight line and collide 
with one another. Find the K.E. lost by impact if the 
coefficient of restiution be f . 

22 . Two equal balls are moving in the same direction 
along the same straight line with velocities, one double of 
the other. They collide and lose by impact i^th of their 
kinetic energy. Find the coefficient of restitution. 

23 . If two unequal spherical balls moving with equal 
velocities v, impinge directly, prove that the resulting Icf^s 
of EiB. is (l - e^)fixP\ where fJt is the harmonic mean between 
jlihe masses of the balls. 

24. Two perfectly inelastic bodies *of masses mi and mz 
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moving with velocities Ux and U 2 in the same direction 
impinge directly. Show that the loss of K.E. due to 
impact is 


1 nixm^ f NO 

2 • 


[C. U. 1989\ 


25. A sphere of mass 16 lbs. moving with velocity 8 ft. 
per sec. impinges on a fixed plane, in a direction making an 
angle of 30*^ with the plane. If the coefficient of restitution 
be i, find the loss of kinetic energy. 


26. Three perfectly elastic balls A, 0 of masses 
1, 2, 3 lbs. are moving in the same straight line with veloci- 
ties 8, 2, 1 ft. per sec. respectively. A impinges upon 
and then B upon C. Show that after impact A and B are 
reduced to rest and C moves on with a velocity of 
5 ft. per sec. 


27. There are n perfectly elastic equal balls at rest in a 
straight line ; the first impinges directly on the second with 
velocity v, the second on the third, and so on. Show that 
the nth ball moves off with velocity v. What happens if 
the balls are imperfectly elastic, the coefficient of elasticity 
being e ? 

28. A ball of mass 4 lbs moving with a velocity of 10 ft. 
per sec. strikes a ball of equal mass lying at rest. The 
impinging ball moves at an angle of 30® with the line of 
centres at the instant of impact, and the coefficient of 
elasticity is Find the velocity oi the second ball after 
impact. 

Find also the loss of K.E. by impact. 

29. A ball of mass 2 grammes, moving with a velocity of 
8 cms. per sec. impinges on a ball of mass 4 grammes 
moving with a velocity of 2 cms. per sec. If their velocities 
before impact be parallel and inclined at an angle of 30® to 
the line of centres at the instant of impact, find their 
velocities after impact, the coefficient of restitution being i. 

. Find also the impulsive action between the two bodies. 

30. Two perfectly elastic equal balls impinge ; show 
that if their directions of motion before impact be at right 
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angles to each other, then their directions of motion after 
impact are also at right angles to each other. 

31. A sphere of mass mi impinges obliquely on a 
sphere of mass m 2 which is at rest. If mi«em 2 , show that 
their directions of motion after impact are at right angles. 

32. If two equal and perfectly elastic spheres impinge 
obliquely they interchange their velocities in the direction 
of their line of centres. 

33. Two equal balls of elasticity i start at the same 
instant with equal velocities from the opposite corners of 
a square along two contiguous sides, and collide. Show 
that after collision their directions of motion are inclined 
at an angle 

^ itan'H. 

A 34. A ball whose coefficient of elasticity is e is 
/projected with velocity u at angle a to the horizon from 
a point in a horizontal plane. It strikes a fixed vertical 
wall situated at a distance of h feet and returns to the 
ix)int of projection. Show that 

14-- — sin 2a 

e gh 

35. There are two parallel walls, the distance between 
which is equal to their height ; from the top of one of them 
a perfectly elastic ball is thrown horizontally, so as 
to fall at the foot of the same wall, after rebounding from 
the other. Show that the focus of the first path is at the 
foot of the first wall. 

36. Hailstones are observed to strike the surface of a 
frozen lake in a direction making an angle of 30^ with the 
vertical, and to rebound at an angle of 60®. Assuming the 
contact to be smooth, find the coefficient of elasticity. 

If the* hailstones rise after impact to a height of 2 feet, 
find the velocity with which they originally struck the 
ground. 

87, Two equal balls P and Q lie in contact in a horizon- 
tal circular groove. They are projected along the groove, and 
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come into collision after a time L Show that the second 
impact takes place after a further interval of tie, where 
e is the coefficient of elasticity. 

38 . A ball whose mass is 4 ounces impinges directly 
on a fixed plane with a velocity of 30 ft. per sec. If the 
coefficient of restitution be f and the time of contact is 
■ffi^th of a second, find the average pressure between the 
ball and the plane in lbs. wt. 

39 . Two spheres of masses mx and m 2 travelling with 
velocities u 1 and U 2 in the same direction, collide directly, 
and rebound. If the velocities after impact are v\ and 
V2^ and if e be the coefficient of restitution, show that each 
sphere loses the same amount of energy if 

UX. + 1^2 + vx-^V2 *=* 0 . 

40 . A series of perfectly elastic balls are arranged ih 
the same straight line ; one of them impinges directly on 
the next and so on. trove that if their masses form a 
geometrical progression of which the common ratio is r, 
their velocities after impact will form a geometrical pro- 

2 

gression of which the common ratio is 


Answers 


1 . G4 ft. 

7. levaft. 
nearly. 

11. 10 ft. 

14. 40 oms. 


2. i. 5. 45 ft. 

per see. at an angle C0° with the normal ; 11'8 units 
8. 10 ^/I0 ft. per sec ; at tan”^i with the plane. 

12. 4J and 5§ ft. per sec ; OH units. 


16. 2/(fe-l);fe<3. 18. 


19. 4*15 secs. ; 1*93 secs. 


21. li ft.*lbs. 


h 


25, 120 ft.-lbs. 27. Velocity of the nth ball is ^ 

28. 8 ft. per sec along the line of centres ; 72 ft.-lbs. 

29. 4'62 cms. per sec. at 60^ to the line of centres ; 4*16 cms. per 

sec. at to the line of centres ; ^ ^/S lyiits. 


86. i ; 16^/8 ft. per sec. 


38. 100 lbs. wt. 
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ANGULAR VELOCITY 


12 1. Angular velocity. 

The angular velocity of a point moving on a plane, 
about any assumed point on that plane, is the 7 ate of 
change of the angle made by the line joining the point to 
the moving point ivith any straight line drawn in a fixed 
direction in that plane, 

<* If, for instance, P be a moving point on a plane, and O 
be any point in that plane about which the angular velocity 

is required, then Ox being 
a fixed straight line 
through 0, the rate at 
which the angle xOP 
( = 0) changes, as P traces 
out its path on the 
plane, is defined to be the 
angular velocity of P 
about 0. 



We may also define the angular velocity of P about 0 
as the rate at which the straight line OP turns about 0 with 
the motion of P. 

Uniform angular velocity. 

The angular velodty of a moving point P about a given 
point 0 is said to be uniform when the straight line OP 
turns in the same plane through equal angles about 0 in 
equal times, however small the time intervals may be taken. 

In case of uniform angular velocity, it may be measured 



ANGVLAE VELOCITY 193 

by considering the total angle through which the line OP 
turns about 0 in any time and dividing it by the time. 

In case the angular velocity is not uniform, the angular 
velocity of P about 0 at any instant is measured by 

the limiting value of the ratio / * where O' is the angle 

t 

POP^ described by OP in an infinitely small interval t' 
from the instant in question. 


12*2. Uniform circular motion. 

If a point move in a circle of radius r loitli a uniform 
speed V, its angtdar velocity about the centre is uniform, 

and equal to 


Let the moving point P describe a circle with centre 
0 and radius r, with a uniform speed v. As the speed is 
uniform, the point traces out 
equal arcs of its path in equal 
times, and as equal arcs of a 
circle subtend equal angles at 
the centre, it follows that the 
angles turned over by OP 
about 0 are equal in equal 
times, and this is true how- 
ever small these equal 
intervals of time may be 
taken. Hence the angular 
velocity of P about 0 is uniform. Again, in time t the arc 
traced over by P is vt, and the angle 0 subtended by it 

at the centre 0 is in circular measure. Hence, o> 

T 

denoting the uniform angular velocity of P about 0 (in 
radians per second), 




IS 
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Conversely under the above circumstances, if o) be given, 
we can get v from v**o>r. 

Cor. As equal arcs of a circle subtend equal angles at any point 
on the circumference, which are half the corresponding angles at 
the centre, it follows that for a moving point P describing a circle 
of radius r with a uniform speed v, the angular velocity about any 

point O' on the circumference is uniform^ and equal to • 

About any other point on the plane the angular velocity of the 
moving point in this case is clearly non-uniform. 


12*8. A rolling wheel. 

• Let a wheel of radius a be rolling along a straight line 
on a rough ground without slipping, advancing with a 
uniform speed v. 

As there is no slipping in this case, in the time that 
the wheel makes one revolution about its centre, the 

distance advanced by the 
wheel, or its centre, is 
equal to the circumference 
of the wheel. In any 
time the distance AB 
advanced by the wheel 
is equal to the arc BA 
described by any point 
A on its circumference 
round its centre. The motion of the rolling wheel 
therefore can be regarded as a combination of a forward 
motion as a whole with a speed v as in case of slipping, 
together with a rotation of the wheel about its centre at the 

rate ot bO® revolution in the time ~~ in which the wheel 

nlp^es forward through a distance equal to its circumference. 
The angular velecity of the yvheel about its centre is 

ft /2 to v 
thus 0 ) - 2ji/ ; ;: * 
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Thus for a rolling wheel, any point P on the circumference 
at an angular distance 0 from its topmost point G at any 
instant has a twofold 
motion in space, one v 
in the forward horizon- 
tal direction PX in 
common with the 
centre, and the other, 

V . , 

- xa t.e.t v along 
a 

the tangential direction 
PT due to the rotation 
round the centre. Tlie^spacie j^eZoc of the point P at the^ 

instant, being a I'esultant of these two, is equal to 

cos ^ in a direction bisecting the angle XPT. 

Cor. Tho mstantaneous velocity of the topmost point C of the wheel 
<(for which ^ = 0) is 2i; in the forward horizontal direction. 

Tho lowest point B of tho wheel which at any instant is in contact 
with the ground (for which 0 = ir) has its instantaneous velocity zero, i.e, 
it is instantaneously at rest. This point at any instant is defined as the 
instantaneous centre of rotation of the wheel. It may be noted that 
tho motion of any point P of the wheel at any instant is tho same as 

if it is rotating about B with an angular velocity ^ » so that the whole 

wheel as it were rotates instantaneously about B with the same 
angular velocity. 



12'4. Illustrative Examples. 

Ex. 1. A particle at the point X has a velocity v in a direction 
making an angle a with the line OX. Show that the angular velocity of 

the particle at the instant about the point O %s 

Let Y denote the position of the particle after an infinitely small 
time t* from the instant whefl it was at A'. Then XY—vt\ 
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In ibis time, tbe angle through which OX turns about O » 

XOY--e' say. 

Then YN being perpendicular 
on OX, sin a 

^vt' sin a. Also YN^^OY sin 
Thus, vt' sin a^OY sin 
-OY,B' ultimately. 

[ Since, by Trigonometry, 6' being infinitely small, sin 6’ = 6' ] 

Now by definition) the angular velocity of tbe particle about 0 is* 

0f 

the ultimate value of .r when t' is infinitely small, 



X N 


t: 

-Lt 


e' 


T 4 ^ sin a V sin a 
OF “ OX * 


for ultimately, when t' is infinitely small, OF comes into coincidence* 
»with OX. 

v)Cex. 2 Drops of water are thrown tangentially ojff the horizontal rim- 
of a rotating wet umbrella. The rim is 3 ft. in diameter and is held 4 ft. 
above the ground, and makes 14 revolutions in 88 secs. Show that the' 
drops of water will meet the ground on a circle of b ft. in diameter. 

O is the centre of the horizontal circular rim of the umbrella, O* 
the point on the ground vertically below O, so that 00'=* 4 ft. 

As the umbrella makes 
14 revolutions, i.e. describes 
14x2ir radians in 83 secs., 
the angular velocity of any 
28ir 


point of the rim is 


, and 

the radius being :] ft., the 
linear velocity is 

28r^3 28^22^3 ^ , 

83 ^ 2 “ 88 ^'7 ^ 2 “^ ft./sec. 

The drop from a point A 
of the rim is then thrown off 
with a horizontal velocity 
4 ft./6eo. in a vertibal plane 
perpendicular to OA, and 
describing a parabolic orbit, falls on the ground at B. ^ 
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"Now t denoting the time from A to B, 

igt^ *= the vertical depth descended ~ 4 

^ J or f = i sec. 

Also, the horizontal distance NB^ (where is vertical) described 
'by the particle 

= 4t = 4xi = 2ft. 

Thus since OA or O'N is perpendicular to the vertical plane of 
■motion ANB, 

- VifF+2*“aft. 

Now O' being a fixed point, the locus of B is a circle of radius ^ ft. 
'i.e. diameter 5 ft. 




Examples on Chapter XII 


If the velocity of the extremity of the minute hand 
•of a clock is 20 times that of the extremity of the hour hand, 
whicli is 3 inches long, find the length of the minute hand. 

Find the velocity of any observer on the equator, 
taking the radius of the earth to be 4000 miles. 

A boy is riding a tri-cycle along a road, the hind 
wheels of the cycle being equal and of diameter If ft. 
If their angular velocity about their respective centres be 
An radians per sec., find the velocity of the cycle. 

C-If the front wheel be of diameter 1 ft., find its angular 
velocity about the centre.)"! 

A boy runs at the rate of 5 miles per hour on the 
•circumference of a horizontal wheel rotating about the 
vertical axis through its centre, and keeps the same position 
in space. Find the angular velocity of the wheel about its 
centre, assuming its radius to be ft. 

<3^^ A wheel with its plane vertical is rolling on the 
aground, making 14 revolutions per minute. If the diameter 
' of the wheel be 4 ft., find ttie space velocity of the points of 
the wheel at a height of 8 ft. above the ground. 
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Show that the velocity of the highest point of a 
wheel rolling on the ground is twice that of a point on 
the rim whose distance from the ground is half the radius. 

7. A wheel rolls uniformly on the ground without 
sliding, its centre describing a straight line. Show that its 
angular velocity about the point of contact of the wheel 
with the ground is equal to the angular velocity of the wheel 
about its centre. 

8. Two points describe the same circle in such a 
manner that the line joining them always passes through a 
fixed point. Show that at any instant their velocities are 
proportional to their distances from the point. 

9. If two points P and Q are moving with velocities v 
making angles a, p respectively with the line PQ, then 

u sin a — v sin ^ 

PQ "" 

is the angular velocity of P relative to Q. 

10. If two points describe the same circle of radius a in 
the same direction with the same speed w, show that at any 
instant their relative angular velocity is u/a, 

11. A point moves uniformly along a straight line ; 
show that its angular velocity about any point varies in- 
veraely as the square of its distance from that point. 

Two small marbles P and Q are moving in a 
clockwise direction in concentric circular grooves of 3 inches 
and 4 inches radii respectively, on a smooth horizontal 
table, their respective velocities being 6 inches per sec. and 
16 inches per sec. If at any given instant they are 1 inch 
apart, find what time will elapse when they are 7 inchea 
apart. 

' 13. Two points describe concentric circles with velocities 

varying inversely as the square roots of the radii of the 
circles. Find the angle subtended at the common centre by 
the line joining them when the relative angular velocity 
vanishes. 

14. If a point moves so that Its angular velocity about 
two fixed points is the same, prove that it describes a circle. 
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15. A rod OA is rotating about the extremity 0 with 
angular velocity co, and carries a rod AB which is rotating 
about A with angular velocity (o\ Show that the magnitude 
of the absolute velocity of the point B at any moment is 

— 2ahcoco' cos 0 + 

where OA=a, AB = b and /iOAB=^d, [G, U. 1942] 

A point P describes a circle of radius a, centre 0, 
with uniform angular velocity a> ; show that a point Q 
wdiich describes a diameter AOB of the circle so that PQ is 
always perpendicular to AOB^ moves from the mid-poinfc 
of OA to the mid-point of OB in time n/Sco. [C. U. 1945] 

17. Tw'o points are describing concentric circles of radii 
a and a with angular velocities w and w' respectively. 
Prove that the angular velocity of the line joining them wdien 
its length is r is 

~ a'2)c« + (r^ - + a'^y\l2r^ . 

18. A wet open umbrella is held upright with its rim of 
radius ‘a’ at a height h above the ground, and is rotated 
about the handle with uniform angular velocity o). Show 
that the drops of water which fly off from the rim, will, on 
reaching the ground, he on a circle of radius 


a|l + ' 


1. 

5 inches. 

3. 

7i m.p.h. ; 

4 . 

2 radians. 

12. 

14 sec. 

13. 

cos*"'! 

\a- , 


16 r 

7 


Answers 
2. 1047 m. p. h. 
radians per sec. 

5. 2 fJSm, p. h. at ±80^ to the horizon. 



CHAPTER XIII 


NORMAL ACCELERATION 


‘^ 1 . 


A particle describes a circle 


uniform speed v \ to show that at 


of radius r with a 
any instant its 


acceleration is directed towards the centre, and is of 
magnitude 


Let a particle be moving along a circle of centre 0 

and radius r with a uniform 



speed V. 

i . 

At any point P of its path, 
its velocity is v along the 
tangent PTA. After an 
infinitely small time t, the 
position of the particle being 
Q, its velocity is v along the 
tangent TQB at Q. 

Now /LPOQ being 0, 
A.QTA is also 0, 


0, P, Ty Q are concyclic ) 
and so the velocity at Q may he broken up into 
components v cos 0 along PT and v sin 0 perpendicular 
to it, i.e,y parallel to PO. 


But T being infinitely small, 0 is also infinitely small, 
and therefore, (as we know from Trigonometry), cos 0 =* 1 
and sin 0 — 0 ultimately (in circular measure). 

Hence the velocity at Q is ultimately equivalent to 
components v along PT and vd parallel to PO. 

Thus in an infinitely small time f from P, the change 
of velocity is zero along PTand vO parallel to PO. Hence 



NORMAL ACCELERATION 


201 


there is no acceleration along PT, and the only acceleration 
of the particle at P is Lt ^ along PO. 

Now 0 (in circular measure) « 

r r 

Therefore the resultant acceleration of the particle at P, 
which is directed along the normal PO is 

V ^ VT 

* r r r 

Cor. If « be the angular velocity about the centre of a particle 
moving uniformly in a circle of radius r, the linear speed being 

wr, its normal acceleration is = w®r. 

r 


13*2. Centripetal and Centrifugal Forces. 

We have seen above, that when a body (of mass m say) 
moves in a circle of radius r with a speed i\ it has an 

acceleration which at anv instant is directed towards 
r 

the centre. , Necessarily therefore, there must be a force 

m — towards the centre acting on the body in order that it 

may move in a circle. This forge is known as the Centripetal 
force. / 

For example we can make a stone move in a circle 
by attaching it to one end of a string, and whirling it 
round with the hand by the other end. In this case, the 
tension T of the string is the necessary centripetal force on 

the stone, and we must have T= m » where m is the 

r 

mass of the stone, v its speed, and r the length of 
the string. 

In this case again, there is an equal and opposite reaction 
^ or a counterpull on the hand, and there i% a feeling as if the 
stone pulls the hand with a force, trying to fly away from the 
centre along the length of the string. This outward force 
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which a body moving in a circle appears to exert at the 
centre, and which is really a force equal and opposite to 
the centripetal force, is known as the Centrifugal force. 

It may however he noted that the body really does 
not tend to fly away from the centre along the radius, 
for if the string be cut, it flies off along the tangent line. 

Several other examples of normal acceleration and centri- 
petal force are appended below. 

13*3. The Conical Pendulum. 



If a heavy particle A be tied to one extremity of a string, 
and the other extremity be attached to a fixed point 0, 
and the system be rotated uniformly about a vertical line 
OB through 0, A steady state of motion will be reached 
with the string making a definite angle to the vertical, 
and describing a cone. The particle accordingly will 
describe a horizontal circle with centre 0' as shown in the 
figure. The system constitutes what is called a Conical 
Pendulum. 

We can easily « deduce a relation between the angular 
velocity co with which the strmg or the particle rotates, 
and the inclination 0 of the stringy to the vertical. For> 
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if I be the length of the string, the radius of the circle 
described by A is I sin 0. Hence the normal acceleration 
of A is (0^1 sin 6 along A0\ If m he the mass of the 
particle, the centripetal force required to make the particle 
move in the above circle is mm^l sin 0, and this is supplied 
by the component of the tension T of the string along the 
radial line A0\ 

Thus T sin 0 = mcj^l sin 0 ... ... (i) 

whence T = wco^Z ... ... (ii) 

(in absolute units, if be in radians per sec.) 

Again, since there is no vertical motion of the particle^ 
the forces in the vertical direction must balance. 

Hence T cos d— mg ... ... (iii) 


cos 0 = 


g 
T 


'' 2 ,, or 0«»cos ' ’21 ••• (iv) 
to I 

Lastly, since ^ sj i g period of 

revolution of the particle A is evidently 

in ^ /OO' . 

— inf. i.e., « sjOO . 

to ^ g 

Note. If < ^7 or » the value of B given by (iv) is 

impossible. In this case, from (i), sin ^ = 0 or 0 = 0 and from (iii) 
T^rng, The string accordingly will remain vertical, though the 

system may be rotating, so long as greater angular 

speed, the particle will fly of! and the string becomes inclined to the 
vertical. 


1^*4. Motion of a railway carriage on a curved 
portion of a railway line. 

In order that a railway carriage moving on the rails* 
may not slip off the {ails, the wheels of the carriage have 
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^ot flanges on one side (usually on the inner side for both 
pair of wheels) so as not to allow the wheels to move side- 
ways, one way or the other. When the carriage is taking 
a bend, if both the rails be at the same level, the centrifugal 
tendency for the carriage to fly off the rails outwards is pre- 
vented by the flanges of the wheels pressing against the rails, 
the reaction supplying the necessary force towards the centre 
of the bend for the motion on the curved path. This would 
produce a huge amount of friction between the flanges and 
the rails, sufficient to wear out the flanges quickly. In 
order to avoid this, the outer rail of the bend is generally 
raised a little, so that the floor of the carriage moving on 
the rails is not horizontal but inclined. The inclination is 
calculated so as to reduce the friction between the flanges 
and the rails to nil, and depends on the amount of curvature 
of the path, as also on the average speed with which the 
trains would move at the bend. ' 

The necessary inclination may be calculated as follows : 



Let 0 be the v^clination to the horizon of the line 
ioining the top of the rails, r the radius of the bend taken 
by the carriage, v its speed there. 
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Let B, and S be the reactions of the rails exerted nor- 
mally on the wheels, which as is apparent from the figure, 
are upw^ards at an inclination 0 to the vertical. We assume 
that there is no sideways reaction between the flanges of the 
wheels and the rails. 


The vertical components of R and S balance the weight 
of the carriage, and the horizontal components produce the 

*0^ 

necessary normal acceleration ^ towards the centre of the 

curvature for the motion of the carriage along the curved 
path. 


Hence, M being the mass of the carriage, 

(E + S) cos 6 = Mg 

,,2 


(E + S) sin 0 ■ 

,,2 




giving, 


tan 0 ' 


V 

I — , 

gr 


or 


0 “tan*** — 
gr 


If d be the distance between the rails, the excess of the* 
height of the outer rail over the inner one, at the bend, is 

vhl 

’ gr 


x^d tan 0 • 


Note. In case a train runs with a quicker or a slower speed than- 
that for which the elevation is oalulate^ at a bend, sideways pressures, 
one way or the other, will be produced between the flanges and the 
rails, in addition to the normal reactions R and S, and the components 
of these should also be taken into account in writing the equations- 
given above. 


18*5. Motion of a bicycle rider. 

A man is riding a cycle with uniform speed v round a 
curved path of radius t ; to find the angle at which tho^ 
cycle must be inclined to the vertical. 

Let m be the mass of*the man and tlie cycle. Since the 
cycle is moving along a circular path, there is a force mv^lr- 
towards the centre of* the circle and hence the thirst on the 
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ground is not vertical but is inclined to the vertical. 
<3onsequently the rider inclines his body and the cycle in- 
wards towards the, centre of the circular path. 

Let 6 be the inclination of the cycle to the vertical, and 
B the reaction of the ground, which must also be inclined 
at the same angle 6 to the vertical. 

Now the horizonal component of the reaction supplies 
the force necessary to produce the acceleration towards the 
centre. 

2 

i2sin0— wr* (l) 

r 

Also the vertical component of the reaction balances the 
weight of the man and the cycle 

. * . B cos 6^ mg • • • (2) 

From (i) and (ii), by division, we get tan O^ v^lrg 

the cycle must be inclined to the vertical at an 
angle tan“Mv^/r^). 

Note. It is a familiar fact that when a cyclist moving very rapidly 
on a level path rounds a corner, he often leans inwards. 

13'6. Hodograph. 

If P be the position of a particle moving in any manner, 
and if from a fixed origin 0, a line OQ is drawn to represent 
in magnitude, direction, and sense, the velocity of P, the 
locus of Q is called the hodograph of the path of P. 

0 is called the pole of the hodograph. 

I 

Suppose P, Pi, Pa, Pa,**, are consecutive positions of the particle 
in its path, v, v^Vf^Vg... are the velocities at those points, and if from 
a fixed point 0, lines OQ, OQi, OQai OQg... are drawn to represent the 
' tespective velocities in magnitude, direction and sense, then Q, Q,, 

will lie on a ourve^whioh is called the hodograph of the path of P. 

It should be noted that OQ, OQi, OQa, 0Qa... &t& 
parallel to the tangents at P, Pi, Pa, Pa->- 
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The points Q, Qt,, Q.^, Q^... are said to correspond to the 
points P, Pi, P2, P3... 

Theorem. If the hodograph of the path of a moving 
particle P be drawn^ then at any intstant, the velocity of the 
corresponding point Q in the hodograph represents in 
magnitude^ direction and sense, the acceleration of the point 
P in its path. 



Let P, Pi be any two consecutive positions of the 
moving particle on its path, and let Q, Qi be the corres- 
l)onding points on the hodograph with respect to 0 as pole. 

Now, OQn OQt represent in magnitude, direction and 
sense, the velocities of the particle at P, Pi respectively. 

Suppose the imrticle moves from P to Pi in a very 
small interval of time t. 

Since by the triangle of velocities, 

velo. 0<3i**velo, OQ + velo. QQx 
the change of velo, of P in time t is QQ\ 
the acceleration of^the particle P» 

■■ when t is made infinitely small. ••• (l) 

V • 
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Also, (luring the same time, Q moves to Q\ on the 
hodograph. 

velo. of Q is e(iual to 

^ 'vvhen t is made infinitely small. • * * (2) 
t 

Since, wdien t is infinitely small, the arc QQi is 
ultimately equal to the chord QQn it follows from (1) and 
(2) that the acceleration of the particle P is equal to the 
velocity of Q on the hodograph. 

13*7. If a particle is describing a circle of radius r with 

. 

uniform speed v, its acceleration at any moment is ^ 
directed towards the centre. {Alternative Proof) 




Let jP, Pi be two consecutive positions of the particle, 
and Q, Qi be the corresponding points on the hodograph. 

Since a constant, therefore the locus of Q, i.e, 

the hodograph of the path of the particle P is a circle. 

Suppose the arc . PPi is described in an indefinitely 
small interval of time t 

Since OQ, 0Q\ are parallel to the tangents at P, Pi 

Z.QOQ 1 - angle between tangents at P and Pi 
, -Z.PCP 1 . 

. arc QQt ^ arc PPi * 

' OQ CP 
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• arc Q Qi OQ arc PP^ 

t “ CP t 

2 

velo. of Q on the hodograph* «= - • 

T r 

Since the velocity of Q is along QQi, which is ultimately 
the tangent at Q, and hence perp. to OQ, i.e, perp. to PT, and 
so II to PC, and since the sense from Q to Qi corresponds to 
the sense from P to C, and as we know that the acceleration 
of P on the circle is equal to the velocity of Q in magnitude, 
direction and sense, 

. . the accel. of P on the circle*- directed towards 

r 

centre. 


13‘8. Illustrative Examples. 

Ex. 1 . Tfiio masses P and Q are joined by a light itiextensihle string. 
The mass P describes a circle of radius 16 ft. on a smooth horizontal 
table with a uniform speed, while Q is suspended vertically in equili- 
brium by the string which passes through a small hole in the table at the 
centre of the circle described by P. If the masses of P and Q are 96 and 
126 lbs. respectively, find the speed of P. (g = 32 ft.lsec"*) [C. U. 1934] 


Let V denote the speed of P, so that its acceleration towards the 
centre of the circle is — > and hence T being the tension of the string. 


considering the motion of P. 

... m 


Again, Q remaining fixed in 
space, its weight is balanced 
by the tension of the string, 
BO that 


r»126p«126x32 ... (ii) 
From (i) and (ii), 

QQ«,a 

-“-126X82. or v*-626 



V* 25 ft. /sec. 


14 
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Ex. 2. The maximum weight which a string can support is 121 lbs. 
A mass of 48 lbs, is suspended from one end of it, and the other extremity 
is attached to the top of a vertical rod. The rod is made to rotate about 
itself. If the length of the string is 6 ft,, find the maximum number of 
revolutions the rod can make per minute without breaking the stri'ng, and 
the maximum inclination of the string to the vertical. 


Let n denote the number of revolutions per minute and d 
the inolination of the string to the vortical when the motion is 
steady, T the tension in the string. The angular velocity of the 

system is then radians per second. 


Now, with the figure of §13*3 (since m== 48 lbs. and 0^ = 6 ft.), 
we get 

Tsin e = 48x(“gQ')*x6 sin 8 ••• (i) 

Tcosd = 48<y. ... ... (ii) 

Prom (i), 

n = 60. /IT 

2)r^6x48 

and since the maximum possible value of 121 lbs. \yt. = 121 x32 
poundals, the greatest value of n is 

30x7 /^Tx32_16x7 11 

22 rsf 6 X48 ll” ^ 3 

« 35 revolutions per minute. 


For this case, from (ii), the least value of 


cos 


48(7 

“i21^ 


48 

121 


i.s. 


the greatest value of ^ « cos" 


121 


Ex. 8. On a ditch of breadth 18 ft. there is a bridge in the form of 
a circular arc, the middle point of which is at a height 3 ft. frrnn either 
extremity. Find the greatest speed with which a cyclist can pass over 
the bridge with safety if the height of the combined centre of gravity of 
the man and the cycle is 8 ft, above the point of contact of the wheels with 
the ground. 
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AB, the breadth of the ditch, is 18', and the middle point M of the 
circular bridge is at a height 
3' above if JB, so that 21/^= 3' ^ 

where N is the middle point ^ ^ ^ ^ 

oi AB. HSK 

Thus AN—^\ and 0 being ^ ^ 

the centre of the circular ,3 

•bridge, if r be its radius, from B Ni 9^ /A 

the triangle OAN^ i * 

r*«(r-3)*+9" 1 

whence r=15ft. / 

As the cyclist is moving ' 

over the bridge, the C.G., ' / 

being at a height 3 ft. above j / 

the point of contact, describes !/ 

a circle of radius 18 ft. Hence 

V being the speed of the cycle, m the combined mass moving, the 
centrifugal force is m » whereas the downward weight is 
tiig « 32w. 


Thus if 


> 32ni i.e. t?* > 18 x 32 


or v > 24 ft. /sec., the cycle will tend to dy away and lose its contact 
with the ground, for the weight downwards towards the centre) is 
insufficient to supply the necessary centripetal force for the circular 
motion. ^ 

Thus the greatest speed with which the cyclist can pass over the 
bridge with safety is 

30 4 

24 ft./seo. « 24 X or 16^^ miles per hour. 


Examples on Chapter XIII 

A particle of mass 16 lbs, connected with a fixed 
point on a smooth horizontal plane by a string of length 
9 ft. moves uniformly in a circle on the plane with a velocity 
of 6 ft. per sec. Find the*tension of the string. 

[C. U. 
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2. If the Moon revolves about the Earth in a circle- 
whose radius is 240,000 miles, performing one revolution- 
in 30 days, find its acceleration in foot-second units. 


A stone of mass 2 lbs. is attached at one end of a 
string 5 ft. long, the other end of which is fixed, and the- 
stone moves in a horizontal circle. If the string can just 
bear a weight of 605 lbs., find the greatest number of 
revolutions per second that can be made without breaking; 
the string. 


A stone, held by a string of length 6 ft., describes 
a circle on a smooth horizontal table whose centre is the 
fixed end of the string. If the tension of the string be 
three times the weight of the stone, find the time of 
revolution. 

•^5. A point X moves in a circle with uniform angular 
velocity co. If G be the centre of the circle, and M the foot 
of the perpendicular from X on a fixed diameter, show that 
the acceleration of M is towards C. 


\A. Two equal masses which are attached by inextensible- 
strings to two fixed points are describing circles round them. 
If the times of revolution are the same, show that the 
tensions of the strings are proportional to their lengths. 

^^^7, The attraction exerted by the sun on any of its- 
planets varies directly as the mass of the planet, and 
inversely as the square of the distance of the planet from^ 
the sun. Show that the square of the times of revolution 
of the planets vary as the cubes of the radii of the orbits- 
(which are all supposed circular). 


8. A string OABC, where OA™ AB^^BC^ with masses- 
each equal to m fastened at A, .B, C rotates about O, on a- 
smooth horizontal table with the string always remaining, 
straight. Show that the tensions of the portions are as- 
6:^:3. 

A particle of mass on a smooth horizontal table 
is fastend to one ^nd of a fine stiing which passes through 
a small hole in the table, and supports at its other end a. 
panicle of mass 2m, the particle m being held at a distancei 
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.a from the hole. Find the velocity with which m must be 
projected horizontally so as to describe a circle of radius a. 

[C. U, 1940] 

10. Two equal particles are connected by a string 
passing through a hole in a smooth horizontal table, one 
particle being on the table, the other hanging vertically. 
How many revolutions per minute would the particle on 
the table have to perform in a circle of radius 6 inches in 
-order to keep the other particle at rest ? 

A string whose length is I passes through a heavy 
Ting and has its ends attached to two points, distant a 
apart, in the same vertical line. Show that when the ring 
rotates in a horizontal circle, the portion of the string 
between the ring and the lower point of support will bo 
ihorizontal if the angular velocity o) is given by 

^2 

[C. U. 1944] 

12. A mass of 5 lbs. I'otates as a conical pendulum at the 
•end of a string 5 ft. long which can just sustain a weight of 
*20 lbs. Find the greatest number of complete revolutions 
•that can be made by the string in one minute without 
^breaking. 

13. If the velocity of the bob of a conical pendulum is 
V and the length Z, show that 0, the inclination of the string 
to the vertical is given by 

qliX — cos^0) - cos 3 *= 0, 

14. A mass of 8 lbs. is connected by a string of length 
5 feet to a point 3 ft. above a smooth horizontal table. If 
the particle revolves with a velocity of 3 ft. per sec. on the 
table, find the pressure on the table. 

16. A heavy particle fastened by a light inextensible 
string to a fixed point 0 is moving in a horizontal circle at 
the rate of n revolutions per sec. Prove that the point O 
is at a distance gl4n^n^ vertically above* the centre of the 
circle. 

16. A merry-go-round consists of a horizontal circle of 
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radius 3 ft. revolving about a vertical axis through its centre* 
at the rate of 7 revolutions in 22 secs. A boy of weight 
56 lbs. is seated on a wooden horse suspended by a string 
of length 5 ft. from the revolving circle. Find the inclina- 
tion of the string to the vertical and also the tension of the 
string. 

17 . A train is travelling at the rate of 40 miles an hour 
on a curve of radius 800 ft. on a narrow-gauge railway. 
If the gauge of the line is 3 ft., find how many inches the 
outer rail must be raised above the inner so that there may 
be no lateral pressure on the rails. 

18 . A train running at a speed of 30 miles per hour is 
rounding a curve of radius 484 ft. Find what horizontal 
force will keep vertical the string by which a body of mass 
8 \h^t hangs from the roof of a carriage rounding the curve. 

^^9. At what angle must a cyclist incline his machine to 
the vertical so that he may keep himself on to a circular 
path of radius 121 ft. when running at a uniform speed of 
7*5 miles per hour ? (Take g = 32 ft./sec^) [C. U, 1942] 

20 . A curve on a railway line is banked up so that tho 
lateral thrust on the inner rail due to a truck moving with 
speed Ux is equal to the thrust on the outer rail when tho 
truck is moving with speed U 2 {u 2 > Wi). Show that there 
will be no lateral thrust on either rail when the truck is 
moving with speed v, where 

+ w^2). 


Answers 

1. 60 poundals. 2. '0074 ft/sec^. 

4 . H secs. 9. 10. 76 t»t. 

14 . 7 lbs. wt. 16. tan-H ; 70 lbs. wt. 

17. 4*8 inches. 18. 1 lb. wt. 19. tan”V‘i* 


3. 7. 
12. 48. 



CHAPTER XIV 


MOTION ON A SMOOTH CURVE UNDER GRAVITY 

14*1. We know from the principle of energy ( § 9*6 ) 
that when a body moves under any forces, the change in its 
kinetic energy in any time is equal 
to the work done hy the acting 
forces. Now when a particle of 
mass m slides on a smooth curve 
under gravity, at any point P of 
its path, the only forces acting on 
it are its weight mg vertically 
downwards, and the reaction B of 
the smooth curve which is along 
the normal to the curve at the 
point P, As the point moves through an infinitesimal 
distance PQ along the curve, since this displacement is 
ultimately perpendicular to the direction of P, the work done 
by B is 2 :ero, As this is true at every point throughout the 
path of the particle, the sumtotal of the work done by the 
normal reaction is zero throughout. Hence, when the 
particle moves from a point i4 to a point B of its path, the 
only work done by the acting forces is the work done by the 
weight mg which is constant in magnitude and direction, 
and if h be the vertical depth of B below this work done 
is mgh. 

Thus, if 1 C and V be the velocities of the particle at A and 
B respectively, 

** mgh, 

or, -71^ ^2gh, i,e. 

If the particle be sliding up, and P b^ above A, we get 
similarly 



^2 _ 2gh, 
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14'2. Motion in a vertical circle. 

A. A particle slides doion the outside of the arc of a 
smooth vertical circle ^ starting from rest at the highest 
point ; to investigate its motion. 

Let 0 be the centre, 

A the highest point and 
r the radius of the circle. 

Let P be the position 
of the particle on the 
circle at any instant, and 
V be its velocity there. 

Let m be the mass of the 
particle. 

Draw PN perp. to 
OA and let A N‘=‘h and 
/LAOP^e. 

The forces acting on 
the particle are 

(i) the reaction B acting along the normal OP outwards 

(ii) its weight mg vertically downwards. 

. the total force along PO mg cos B - B. 

Since the particle is describing a circle, the resultant 
force must be mv^lr along PO [ Art. 13’2 ] 

. . . jmg cos 0 ^B^ (1) 

Again, since the body slides under the action of gravity 
on a smooth curve, we have by the Principle of Energy, 

\mv^ - mg. AN^mgh [ Art. 14*1 ] 

« mg {OA - ON) * mgr (1 * cos 6) 

.*. v^ ^2gh^2gr {1-cos 0) ••• (2) 

/. from (1) and (2), we get 

^ „ 2gr (1 cos ^ 

mg cos B-B^m' ^2mg\X- cos 6} 

r 

.'. ^B^mg (3 cos ^-2) 

--2| -^•(r-T3fe) ••• (3) 


A 
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From (3), it is clear that as h increases, B decreases, and 
when h^ir, B vanishes. When h'> ^r,B becomes negative, 
which is impossible, since for the particle sliding outside 
the circumference of a circle the normal reaction can never 
be inwards. 

Hence the necessary condition for the motion of the 
particle along the outside of the circumference of the circle 
is h > 4r. 

As soon as h just exceeds ir, the particle leaves the 
curvCt which is the implication of B here being negative. 

Note 1. When the particle leaves the curve, v’^ = -^gr i.e. 
and cos ^ = if . 


Note 2. After leaving the circle at P, (where Z-40P=oos”* if) 
the subsequent motion of the particle will be the same as that oft a 
particle projected with velocity i;= tJlgr in theMownward direction of 
the tangent to the circle at P. In other words, on leaving the circle, 
the particle will describe a parabolic path. 


B. A particle is projected f torn the lowest point of a 
sn^ooth vertical circle and moves along the inside of the 
circular arc ; to investigate its motion. 


Let r be the radius of 
the circle, 0 its centre, 
AOB the vertical diameter, 
and u the velocity of pro- 
jection of the particle at 
the lowest point A. 

Let V be the velocity of 
the particle at any point P 
on its path, and B be the 
reaction of the curve there. 
Draw PiV perp. to 40 and 
let 4 N" ■■ /t and let A. AOB 
-0 

Then, by the principle 
of Energy, 

iwv* - Jmu* 


B 



mgh [ Art. 14*1 ] 
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-2gr (1-cos 0) 

= - 2{/r + 2(/r cos 0 ••• (i) 

The forces acting on the particle at P are 

(i) its weight mg 

(ii) the reaction B of the smooth arc acting along the 
normal PO. 

Since the particle is moving in a circle, the resultant 
force along the normal PO is mv^jr. 

resolving the forces along the normal PO, we have 
^ B- mg cos d’^mv^lr 

B = mg cos 0 + ^ “ 2gr{l - cos 0)} 

a ^ {u^ - 2gr + dgr cos 0} • • • (ii) 

Equation (i) gives the velocity, and (ii) gives the reaction 
of the curve on the particle at any height. 

As 0 increases, cos 0 diminishes, and so v and B both 
diminish, their least possible values being given, when 
0 180®, (i.e. at the highest point B) by, 

•=» - Agr 

and B «^(m^ - 5flfr). 

T 

Case I, If < 5flfr, 

both V and B remain positive# even at the highest point S, 
so that neither the motion of the particle stops, nor does 
it 'leave the circle i^nywhere. 

The particle therefore makes complete revolutions along 
the circle. 
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Case IL If 

from (i), v = 0 when cos B • 


2(jfr 

2gr 


* giving an 


acute- 


( mv^ \ 

■» mg cos 0 + “ I 

is positive still. Thus the particle comes to rest, without 
leaving its contact with the circle, at some point P below 
the horizontal diameter OC. It then slides down and 
retraces its steps, and passing through A rises on the 
other side through an equal height. 

Thus the particle in this case oscillates in an arc less 
than a semicircle on either side of the lowest point A, 

If *= 2gfr, the arc of oscillation is a semicircle. 

Case III, If > 2gr but < 5gr, 

from (i) and (ii), both v and B remain positive till 6 = 90^ 
After this 0 being obtuse, cos 0 is negative, and as 
2gr cos B is then less than 2gr cos 0, B vanishes before v , 
at a point Q given by 

^ - 2gr 

cos 0 3 - • 

which, since the fraction is numerically less than unity 
(for 5gfr), gives a real obtuse-angled value for 0. 

The particle leaves the circle here (at -some point 
between G and P, before reaching the highest point), 
and as its velocity, given from (i) by v - 20 r 

-2{/r), is still positive, with this initial 
velocity along the tangent to the circle at Q, the particle 
describes a free parabolic path. 

Note 1. If a particle is hanging froin a fixed point by a light 
inextensihle string and is projected with a certain horizontal velocitye 
w, the motion is exactly the same as that of a particle moving inside 
a smooth vertical circle [case^B]. We have 8nly to substitute the 
tension T for the pressure R and the length of the string I for r 
the radius of the circle inibhe discussion of the case (B) above. Thus, 
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(i) itu ^ fjtgli particle makes complete revolutions 

(ii) if u ^ particle oscillates on either side of the 

lowest point 

(iii) if M > but < JbgU t®i^sion vanishes somewhere in 

the upper half of the circle, the string becomes slack and 
the particle describes a parabola freely so long as the string 
does not become tight again. 

Note 2. If the case of the motion of a bead on a smooth vertical 
circular wire, or that of a particle moving inside a smooth vertical 
circular tube, the bead or the particle keeps to the circular path, 
and no question of its leaving the circular path arises. In the case 
when u > but < the pressure vanishes somewhere in 

the upper half of the circle and it changes sign, so that the bead, 
insdiad of pressing the wire outwards, begins to press it inwards 
above that point. 


Examples on Chapter XIV 

1. A ball of mass 4 lbs. connected with a fixed point 
by means of an inelastic string of length 8 feet hangs 
vertically. If it is projected horizontally with a velocity 
of 32 ft. per sec., find the tension of the string when the 
particle has risen through a vertical distance of 12 ft. 

2. A particle is projected along the inside of a 
smooth vertical circular ring of radius r frbra the lowest 
point with velocity u. If the particle leaves the ring at 
an angular distance of 60"^ from the top, show that 

2 7 

^igr. 

8. A boy of weight 20 lbs. is placed on a light cradle 
which is supported by two parallel ropes each 6 ft. long, 
and which is swinging through an angle of 60® on each 
^side of the vertical. Find the tension in each rope when 
the cradle is (i) at its highest and (ii) at its lowest point. 

4. A heavy particle of weight W, attached to a fixed 
point by a light inextensible string, describes a circle 
, in a vertical plane. The tension of* the string has the 
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valuesi mW and nW respectively when the particle is at the- 
highest and lowest point in its path. Show that 

71 =* m + 6. 

5. A bead slides down a smooth vertical circular wire* 
from rest at any point. Show that its velocity at any point, 
varies as the chord of the arc of descent. 

6. A particle connected by ah inelastic string to a 
fixed point moves in a vortical circle. Show that the sum 
of the tensions of the string when the particle is at the 
opposite ends of a diameter is constant. 

7. A ball of mass 8 lbs. oscillates through 180° on the 
inside of a smooth circular hoop of radius 6 ft. fixed in a 
vertical plane. If v be the speed at any point, prove that 
the pressure on the hoop at that point is 4.v^, 

8. The roadway of a bridge over a canal is in the 
form of a circular arc of radius 50 ft. What is the greatest 
speed (in miles per hour) at which a motor cycle can cross 
the bridge without leaving the ground at the highest 
point ? 

9. A particle suspended vertically from a fixed point 
by a light string 4 ft. long is projected horizontally with 
such a velocity that the string slackens when the particle 
is 6 ft. above its lowest point. Find how much higher 
it will rise. 

10. A heavy particle is allowed to slide down a smooth 
vertical circle of radius 27a from rest at the highest point. 
Show that on leaving the circle it moves in a parabola 
whose latus rectum is 16a. 

11. A particle is projected along the inside of a smooth 
vertical circular hoop from its lowest point with such a 
velocity that it leaves the hoop and returns to the point 
of projection again. Find the velocity of projection and 
determine where the particle leaves the hoop, if a be the 
radius of the hoop. 

12. Two particles Wi and m 2 begin simultaneously to 
slide down a smooth circular tube whose plane is vertical^ 
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starting from the extremities of a horizontal diameter, so 
that they collide at the lowest point. If /ii, 2 are the 
vertical heights to which they rise after impact, show that 

sr l)w2 - ^ 

h2 “ ^ 2 }* 

where e is the coeiSficient of restitution between the masses. 

Answers 

1. 8 lbs. wt. 3. (i) 201b8wt. (ii) 40 lbs wt. 8. 27 t^. 

9. 9 inches. It. tjlga; at an angular distance oi 120® from 

the lowest point. 



CHAPTER XV 

MOTION ON A ROUGH PLANE 

15*1. When a body in contact with a rough surface has 
a sliding motion on the surface, it experiences a resisting 
force at its point of contact tending to oppose its motion, 
which is known as the force of friction. 

The laws which this force of dynamical friction satisfies 
are 

(i) the direction of friction is, at every instant, just 
opposite to the direction in which the point of contact slides 
on the surface 

(ii) the magnitude of the force of dynamical frictioji bears 
a constant ratio to the normal reaction of the surface on the 
body at the point of contact, this constant ratio being known 
as the coefficient of friction (dynamical). Thus if p be 
the coefficient of friction, and E the normal reaction on the 
body, then the force of friction F at tlie point of contact is 
given by 

F-//R. 

The angle A, such that tan is known as the angle 

of friction. 

Note. When the point of contact does not slip on the rough 
surface, the force of friction is just sufficient to prevent the slipping 
motion, and is always less than /xR. 

15*2. A heavy particle sliding on a rough inclined 
plane. 

When a particle of mass m slides down a rough inclined . 
plane of inclination a to the horizon, alofig the line of 
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greatest slope, if E be 



the plane, Che resultant 


I normal reaction of the plane 
and fi be the coefficient of 
friction between the particle 
and the plane, then the force 
of friction JP ■■ jM 12 is upwards. 
Also the weight mg of the 
particle (whose mass is 
assumed to be m) acts vertically 
downwards. 

Hence, since the particle 
has no motion perpendicular to 
e perpendicular to the plane is 


zero. 


cos a. 


Now the resultant force down the plane 

■■ mg sin a- mg sin a - 
« mg (sin a - cos a). 


Hence the acceleration of the particle down the plane is 

gf(8iii g-iti COB a). 

When the particle moves upwards on the plane along the 
line of greatest slope, for instance, when it is projected 
upwards with any velocity, the force of friction, which is, 
as before, i^mg cos a in magnitude, acts down the plane. 
Thus the resultant force down the plane is now 

mg sin a + limg cos a *= mg(^in a + // cos o). 


Hence in this case, the acceleration of the particle down 
the plane is 


a+M cos a). 


We thus see that for a particle moving on a rough 
inclined plane, the accelerations in the two cases when it 
rises up, and when it moves downwards, are different. 
Thus the times of ascent and descent of a particle projected 
up a rough inclined plane will be different ; also the velocity 
of the particle on coming back to the point of projection 
will be different from the starting velocity. Moreover, in 
V this case, the sumtotal of the kinetic and potential energies 
will not remain constant. 
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15*3, Two rough inclined planes of inclinations a and 
P to the horizon and of equal height are placed hack to 
hack. Two particles of masses m and m' are placed one on 
each plane^ and are connected hy a light inextensihle string 
passing over a small smooth pulley placed at the common 
vertex of the planes, ^ and being the respective coefficients 
of friction of the two planes ^ determine the common accelera- 
tion of the system, assuming that m, placed on the first plane, 
descends. 

Let H and H' denote the normal reactions of the planes, 
T the tension of the string, and / denote the common 
acceleration of the system. 


As there is no motion 
of 7n perpendicular to 
the plane, 

B^mg cos a * * ' (i) 

Since m descends, 
the frictional force pB 
acts upwards on it. 

Now considering the 
total force on m down 
the plane, 



mg sin a - T- pB *= mf 


or, using (i) 

mgisin a- p cos a) - T^mf ... (ii) 

In a similar manner, noting that ni ascends on the 
second plane, and so the frictional force on m^ is p'B* 
downwards, we ultimately get 

T - mg (sin jS + |u' cos fi) - m'f . . . (iii) 


From (ii) and (iii), adding, 

(«i + »»')/- oiW(sin a - i«*co8 o) - »i'(sin fi + t*' cos fi)} 
giving the required acceleration of the system. 


15 
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Note. In order that / may bo positive, in other words, m may 
actually have a downward motion, we must have, 

m (sin a — /* cos a) > vi (sin ^ M cos 

VI sin ^ + cos 3 
VI* ^ sin a — /tcoa a 

In a similar way, in' will descend, or vi will ascend, if 

VI si o^a 4- /i c o s g 
m ^ sin |S — /a' cos ft 

VI 6iT^ft -JJ^' 008 ^ 

m' ^ sin a+fi cos a 

sin ft- m' 0 09 ft ^ ^ 

sin a + /* cos a sin a — fx cos a 

there will be no motion of the system. 


Examples on Chapter XV 

1 A ball is projected along a rough horizontal plane 
with’ a velocity of 16 ft. per sec. If the coefficient of 
friction be i. find how far the ball will go before coming to 

rest. , - . 

2 A mass of 8 lbs. hanging freely over the edge of a 
rough horizontal table draws by means of a string a mass of 
4 lbs. along the table through a distance of 20 ft. in li secs. 
Find the coefficient of friction of the table. 

S A body of 20 lbs. is sliding down a rough inclined 
nlane whose coefficient of friction is i and ^ose elevation 
with a velocity of 16 ft. per sec. What force will 

atop it in 80 feet ? 

4 A particle slides down a rough inclined plane whoso 
elevation is 45“ and coefficient' of friction |. Show that 
the time it takes to travel any distance down the plane 
^ t^iTwhat it would have taken if the plane were 

smooth. , # 1 . 

6. A ball is projected with a velocity of 64 ft. per sec. 
110 a roih plane^of inclination 60 and angle of fnotion 30 . 
md the^vefooity and the time when it reaches the point of 
projection again. 



MOTION ON A ROUGH PLANE 


227 


6 . Two rough planes of elevations 30® and 60® and of the 
‘Same height are placed back to back. A mass of 8 lbs. is 
placed on the first plane and 24 lbs. on the second plane, and 
the two are connected by a light string passing over a smooth 
pulley at the top of the planes. If the coefficient of friction 


is for either plane, find the resulting acceleration. 


7. A rough plane is 100 feet long and 60 feet high, the 
coefficient of friction being i. If a particle projected up 
the plane from the bottom just reaches the top, find its 
initial velocity. 


8. A heavy slab of uniform thickness, whose under 
surface is rough but the upper smooth, slides down a given 
inclined plane of elevation a. Find the acceleration with 
which a particle laid on its upper surface will move alon^ 
the slab, if t* be the coefficient of friction. 


9. Two bodies of masses 10 lbs. and 5 lbs. are connected 
by a light inextensible string ; the first is placed on a rough 
horizontal tabid of coefficient of friction and the string 
after passing over a light smooth pulley at the edge of the 
table supports the second body, which hangs vertically. 
Find the acceleration of the bodies and the tension of the 
:string. 

10, A ball is projected up a rough inclined plane of 
elevation in with velocity u and returns to its starting point 
with velocity v. If ^2 are the times of ascent and descent, 
.and the coefficient of friction, show that 


11. A particle is projected with velocity w up a rough 
f)lane of elevation a, which passes through the point of 
projection. If the angle of friction A be cr, and if the 
particle reaches the point of projection again with velocity 
( 0 ^ then 


. /fsin (a-A)l 
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12. A ball is thrown with velocity u up a rough plane of 
elevation 8. If A(<8) be the angle of friction, show that- 
the ball again has the velocity when it is at a distance 

sin 2 A cos 0 
g cos 2A-“COs28 
from the point of projection. 

13. Two particles are projected with equal velocitiesv 
one straight up and the other straight down a rough plane 
of elevation a and angle of friction A (>a). If $± and 5 a 
are the distances travelled by the two bodies, then 

Is sa ~~ 

S 2 sin (A + a) 

14. If PL be the vertical chord through any point P on» 
«a vertical circle and if the times of sliding down all those 

chords of the circle through P which are on the side of PL 
remote from the centre bo equal, then show that the chords- 
are equally rough. 

15. A body of 20 lbs. wt. slides from rest through a- 
distance of 100 ft. down a rough plane whose elevation is 
tan”^ and coefficient of friction i. Find the work done- 
on the mass by the forces acting on it. 

16. A car takes a banked corner of a racing track at a 
speed u, the lateral gradient a being designed to reduce the 
tendency to side-slip to zero for a lower speed u. Show 
that the eoefficient of friction necessary to prevent side-slip- 
for the greater speed v must be at least 

- n ^) sin g cos a ^ 




sin‘^a + n^ cos^a 





Answers 



1 . 

16 ft. 

2. J. 

8. 

9 lbs. wt. 

5 . 

82 s/2 ft./seo. 

s/8(l-»- s/2) sec. 

6. 

8(s/S-l) ft. /sec V 

7 . 

80 ft./sec. 1 


8. 

fig cos a. 

9 . 

3*8 ft./8ec* ; 

HOpoundals. 

15 . 

80 ft.-lb8. 



CHAPTER XVI 


SIMPLE HARMONIC MOTION AND SIMPLE PENDULUM 


16*1. Simple Harmonic Motion (or, S. H. M.). 

If a point move tiniformly in a circle, and if a second 
point move on a fixed diameter of the circle so as always 
to he at the foot of the perpendicular from the first point on 
the diameter, then the motion of the second point is known 
as a simple harmonic motion. 


Let a point P move with a uniform angular velocity 
(o in a circle of radius a with centre 0, and let the point 


Q be always at the 
foot of the perpendi- 
cular PQ on a fixed 
diameter AOB. Then 
as P starts from A, Q 
also starts from A. 
When P moves along 
ACB and comes to B, 
Q moves along AOB 
and reaches B, As P 
•continues its motion 
along BDA, Q turns 
back and traces the 
path BOA, reaching A 
with P. The motion 



of Q along AOB is thus oscillatory. This motion is defined 
as a simple harmonic motion. 


0 is clearly the centre of oscillation, and the maximum 
distance OA or OB - a to which Q moves on either side 
of 0 is called the amplitude. 

As P evidently takes the time ““ to complete the 
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circle, Q also takes the same time to complete one- 
oscillation, Le., to move from one extreme position to the 

2n 

other, and back. Tliis interval ~ is called the 'periodic 
time. 

Velocity and acceleration of Q. 

At any instant U let x be the distance of Q from 0, and 
angle POQ^O say. 

After an infinitely short time, P going to P^ Q comes 
to Q\ and it is evident that the displacements of P and 
Q parallel to A B are equal, since PQ is always perpendi- 
cular to AB. 

Thus the velocity (rate of displacement) of Q along 
JiP at any instant is exactly equal to the component of 
the velocity of P parallel to AB, 

But the velocity of P is (oa along the circumference 
PP' i,e., perpendicular to OP, and its compon ent pa rallel 
to AB is (oa cos (90- 0)-=wa sin d co,PQ ^ (o 

Hence the velocity of Q at a distance x from O 

Ja} -a;*. 

Velocity at the distance a is thus zero. 

Again since at every instant the component velocity of 
P along AS'" is equal to that of Q, the acceleration (rate of 
change of veloc.) of Q along AB equal to the component 
of acceleration of P parallel to AB, But the acceleration 
of P at any instant is m^a along PO, of which the com- 
ponent parallel to AB is cos 

Hence the acceleration of Q at a distance x from 
0— (D^o; directed towards 0. 

This leads to a formal definition of simple harmonic 
motion as follows : 

If a point move along a straight line AOB in such a 
manner that its acceleration is always directed towards a 
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Hxed point 0 on it ^ and is at any instant proportional to 
its distance from 0, then the motion of the point is defined 
to he a simple harmonic motion^ 

If at a distance x from O the acceleration of a point 
Q moving along a straight line AOB be px towards O, 
then comparing with the above result, we may imagine 
an anxiliary point P to inove in a circle with uniform 
angular velocity such that Q will always 

remain at the foot of the perpendicular from P on the line. 
Hence at a distance x from O, 

veloc. of Q = where a is the amplitude, 

ix,, the extereme distance from 0 from lohich Q starts from 
rest 

Om 

Period T " • and is independent of the amplitudi. 

If time be measured from the instant when the 
particle is at its extreme position A, then at any instant t^ 

/LAOP-^ j/n, and the position of Q is given by 

X “ a cos 

If on the other hand the time be measured from any 
instant, for instance when Q is at or P is at Po where 
/LAOPo^t, then at any time t, Z^PoOP^ Jl^t, and so 

Then the position of P is given by 

x — a COB 

The angle ^ is called the epochs and the time 
t-¥ -j from the extreme position A to any instant 

(usually expressed as a fraction of the periodic time; is 
defined as the phase at that instant. 

As two important illustrations of simple harmonic 
motion we shall discuss : 

(i) The motion of a simple pendulum oscillating 
through a sm^ll angle. 
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(ii) Oscillatory motion of a particle attached at the 
extremity of an elastic string (or light spring) 
stretched along its length. 

16*2. Simple Pendulum. 

A heavy particle hanging from a fixed point by a 
light flexible and inextensible string, and made to oscillate 
in a vertical plane, constitutes a simple pendulum. 

Let Q be a particle of mass m hanging from the point 
C by the string GQ of length L If the string be drawn 


C 



mg 


aside to the position CA at a small angle (say a) to the 
vertical CO, and then let go, the particle Q will describe an 
arc of a vertical circle with centre C. Now if 0 be the 
angle QGO at any instant, the forces acting on the 
particle are the tension T along the string QC, and the 
weight mg vertically downwards. As there is no motion 
of Q along CQ, the forces along this direction balance. The 
• only force left on Q is the component mg sin 0 along 
the tangent at Q to^the arc QO, 

Thus the acceleration of Q is g sin 0 along the tangent 
to the arc QO towards 0. 
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Now if a, and so 0, be small, we may take sin 0 = 0=^ • 

V 

where x is the length of the arc OQ. Also in this case, 
the small arc AQOB may be taken to be practically 
a straight line, on which the motion of Q is with an 

acceleration towards a fixed x^oint 0, of magnitude gr ^ at a 

distance x from 0, that is proportional to the distance 
from 0. 

The motion of the jwticle Q is therefore a simple har- 
monic oscillation about 0 and the periodic time or the time 
of oscillation of the pendulum, is given by 

-2* Vi 

» 

where Z, the length of string CQ, is known as the length 
of the pendulum. 

Note 1 . The time of oscillation of a x)endulum oscillating at a 
small angle with the vertical, depends, as is seen above, on the length 
of the pendulum, but is independent of the amplitude of oscillation ; 
in vroxdis, it does not depend on the angle from which it starts to 
stoing, provided it is small. 

Note 2. A pendulum which swings from one extreme position of 
rest to the other in one second, that is makes a complete oscillation in 
two seconds, is called a Seconds Pendulum. 

For such a pendulum, the length is given by 2 = 2ir^^^» or, 

2eip/ir*, and taking the value of p*=*32 ft/sec* or 981 cms/sec'*, we get 
approximately Zb 39 inches or 99*4 oms. 

A swing from one extreme position to the other, i.e. half a complete 
osoillation is called & heat. A seconds pendulum then beats seconds. 

Note 8. The above formula for T enables us to compare the values 
of “p** at two places on the earth by observing tl^ periods of oscilla- 
tion of a simple pendulum of given length I at the two places, for, 
in this c^e. 
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16'B. Determination of heights or depths from the 
earth’s surface, by simple pendulum. 

Newton’s Universal law of Gravitation states that 
''Every particle of matter in this universe attracts every 
other particle with a force which is proportional to the 
product of their masses, and varies inversely as the square 
of the distance between them*\ 


Assuming the earth to be approximately a homogeneous 
solid sphere, the consequence of the above law is (as has 
been shown in any treatise on the theory of attractions) 
that (i) the resultant attraction of the earth per unit mass at 
ariy external point is inversely proportional to the square of 
its distance from the centre, and (ii) at any internal point 
the attraction is directly proportional to the distance from, 
the centre. 

Thus if g be the value of acceleration due to gravity on 
the earth’s surface (at sea-level), g^ its value at a height h 
above the surface of the earth (supposed spherical, of radius 
a), then 

(/i ^ A .. . 1 ^ 

g {a + h)'^ ’ a^ [a + hY 

Again, g<J^ be the value at a depth d below the earth’s 
surface (e,g., at the bottom of a mine), 

g2 ^ a-d 
g a 


Hence if the periods of oscillation of a simple pendulum 
of a given length I at sea -level (on the earth’s surface), at 
a height h above the surface of the earth, and at a depth d 
below the surface of the earth, be respectively T, Tx and , 
we get 


Tx 
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and similarly, 


T., : 

I! 

11 

/ ® 
V a-d 

Thus 


] 

and 

II 

1 

- 

)■ 


16*4. Oscillations of a particle attached to an elastic 
string (or a spiral spring). 

When an elastic string is sti’etched (for instance, by keep- 
ing one extemity fixed and pulling at the other, or, hanging 
it vertically at one extremity, and suspending a heavy particle 
from the other), the tension in the string is given from an 
experimental law known as Hooke's law which states that : 

The tension in a stretched elastic string is proportional 
to its extension per unit length. 

Mathematically, if I be the natural (unstretched) length 
of the string, Z + a; its extended length, T being the tension 
in the string in this case. 


where A is called the modulus of elasticity of the string. 

The extent ion or compression of a spiral spring follows 
the same law, but in this case by its length we mean the 
length of the axis of the spiral, and not the actual length of 
the wire which is twdsted to form the spring. Moreover, 
in this case, when the spring is compressed, the extension 
is negative, so that the tension is negative, in other words, 
it is a thrust whose measure is given by the same law. 

Now, if a particle of mass m be tied at the extremity of# 
an elastic string (or a spiral spring) the other extremity 
of which is fixed, and the string be ext^mded and then let 
go (the whole system lying on a smooth horizontal table), 
the particle will osciljate, performing a S. H. M. ; for in 



286 


INTEBMEDIATE DYNAMICS 


this case the force on the particle being the tension of the 

etring, its value in any position P of the particle is j x, 

where ic =* the total increment in length = OP, 0 denoting 
the position of the particle when the string is just unstre- 
tched (and is thus a fixed point). The acceleration of the 

particle being here x, and directed towards 0, the 

motion is a S. H, M., the period of oscillation being 

\/y* (see § 16 ‘l). 

^ 16*5. Illustrative Examples. 

Ex. 1. A particle of mass 4 lbs, executing simple harmonic oscilla- 
iim, lias velocities S ft, I sec, and6ft,lsec, respectively, when it is at 
distances 3 ft, and 4 ft, from the centre of its path. Find its period and 
amplitude. 

Find also the force acting on the particle when it is at a distance of 
1 foot from the centre. 

As the particle executes S. H. M., assume to be its acceleration 
at a distance x from the centre of oscillation. Then a being its 
amplitude, its velocity at the distance x from the centre is known to 
be given by 

Thus from t]|]9 given data, 

— — (») 
and 6- - - (“) 

From these, by division, 

/«’ 3 : 

whence ultimatety,fl* ■*25, oro*»5ft, giving the amplitude. 

Hence from (1), 8«4 or M“4. 

Now the period, c 

^ Jp. 2 


w seconds. 
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Again, the acceleration at a distance 1 foot from the centre is 
ft/flec\ 

Therefore the force here acting on the particle of mass 4 lbs is 
4 X 4 « 16 poundals. 

Ex. 2. The length of the pendulum of a clock is 39 inches,, and 
the clock gains 10 seconds a day at a place on earth ; hy how tnuch 
must the length of the pendulum he altered in order to correct the clock ? 


As seconds in a clock are indicated by beats of its pendulum, 
in one day i.e,, 24x60x60=86400 seconds, the pendulum of a 
correct clock should make as many beats. For our given clock, 
which gains 10 seconds a day, the number of beats in a day is- 
86400+10 = 86410, so that the period of a complete oscillation is 


2 seconds 

'* 86410 


Thus, 2 X 




where i = 39 inches. ... (i) 


Also for a correct clock, the length V of the pendulum is given bjr 

2 = 

/T„8641^ 1 

V i 8640 ^^8640 

0^ |={l+8^)‘ = '+-86l0 


giving, 


4320 4320 


-009 inches approximately. 


Thus, the length of the pendulum should be 'increased by 
‘009 inches. 

Es. 8. A clock which keeps correct time on the surfa'ce of the 
earth loses 20 seconds a day when taken to the top of a hill. F%nd the 
height of the hill, assuming the radius of the earth to be 4000 miles. 

Let h miles be the height j 5 f the hill, and gmnd g' the accelerations 
due to gravity on the sutfgce of the earth and at the top of the hilh 
fespeotively. 
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Then, (as in Art. 16'3) 


Q MOOO + M* 
4000 ) 


(i) 


Now, for the correct clock, the time of a complete oscillation being 
2 secs., 


“-“'Vt 


(ii) 


Also at the top of the hill, in one day i,e, 86400 seconds, the clock 
losing 20 seconds, it makes 86380 beats, and so the time of a complete 
.oscillation is 


2 


86400 

86380 



From (il) and (iii), using (i), 

• 864q_ /g' „40qo+fe 

8638 V g' 400® 


(iii) 


= 4890 feet (neatly). 


Ex. 4. An elastic string of natural length I and modulus of 
elasticity h hangs vertically from one extremity, and at the other end 
a particle of ?nass m is suspended. The particle is held with the string 
just unstretched and then let go. Show that it performs a simple 
harmonic oscillation, and find the period, 
r 

The starting position of the particle being 0, when the string is 
just anstretched, let x be the depth of the particle below 0 at any 
moment. Then the tension of the string, by Hooke's Law, is clearly 
X«/f. Hence the resultant force acting on the particle vertically 
upwards is 



If we take a point O' at a depth mpf/X below O, then O' is also 
A fix 0 j|xp 0 int, and x* depleting the depth of the particle below O', the 

ioroe bi the particle in this position is^'o;'. 
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Hence the acceleration of the particle at a distance x' from O' 
is towards O' ue. proportional to x\ This identifies the 

motion of the particle to bo S. H. M. with O' as centre, and the period 
of oscillation 


Examples on Chapter XVI 


1 . A particle moving with S. H. M. has a velocity of 
8 ft. per sec, when at a distance of 2 ft. from the centre 
of its path, and has a velocity of 0 ft. per sec. when at a 
distance 4 ft. Find its maximum velocity and periodic 
time. 


2. A particle moving with S. H. M. has a maximum 
velocity v. Find the velocity of the particle (i) when it is 
half-way between the centre and the extreme position and 
(ii) also when half the time has elapsed from the centre to 
the extreme position. 

3. A particle performing harmonic oscillations in a 
straight lino starts at a point 14 ft. from the centre of its 
path, and has a maximum velocity of 22 ft. per sec. ; find 
its periodic time. 

4. A horizontal shelf moves vertically with<iS. H. M. of 
period 2 secs. Find the greatest amplitude in centimetres 
that it can have so that books resting on it may always be 
in contact with it. 


5. A particle moving with S. H. M. in a straight line 
has velocities Vi, ^2 at distances aJi, from the centre of 
its path. Show that if T be the period of its motion, 


T-2JI 




6. A particle oscillating harmonically in a straight line 
has velocities Vi, Vz and accelerations fi,fz in two of its 
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positions on the path. If d be the distance between the 
two positions, show that 


d 


A+/2 


7 . A particle is executing S. H. M. between two points 
A and If the period of oscillation be 27i, and if v be the 
velocity of the particle at any point P on its path, then 
show that 

v^^AP.BF, 


8. A seconds pendulum gains 18 secs, a day at sea- 
level. To what height it must be elevated in order to keep 
true time ? 

9 . A clock which gains 10 seconds a day at a place on 
the surface of the earth loses 10 seconds a day when taken 
dt»wn at the bottom of a mine. Compare the force of gravity 
at these two places. 

10 . If a seconds pendulum be lengthened by xuirth of its 
length, how many seconds will it lose in a day ? 

11 . A pendulum, when carried to the top of a mountain, 
is observed to lose in a given time just twice as much as it 
does when taken to the bottom of a mine in the neighbour- 
hood. Show that the height of the mountain is equal to the 
depth of the mine. 

12 . At the end of three successive seconds, the distances 
of a point Aoving with S. H. M. from its mean position, 
measured in the same direction, are 1, 3 and 5. Show that 
the period of a complete oscillation is 

. cos" 'I 

13 . A body performing S. H, M. in a straight line OPQ 
has its * velocity zero when at points P and Q whose 
distances from 0 are x and y respectively, and has velocity 
V when half-way between them. Show that the complete 
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14. In a the distances of a particle from the 

middle point of its path at three consecutive seconds are 
observed to be x, y, z. Show that the time of a complete 
oscillation is 


2^1 



15. In a S. H. M. if / be the acceleration and v the 
velocity at any time, and T is the periodic time, then 

is constant. 


16. A particle is performing a S.H.M of period T about 
a centre 0, and it passes through a point P with a velocity 
V in the direction OP. If OP be equal to x, and if thh 
particle returns to P in time ^ then 


tan 


-1 

2nx 


17. A spiral spring 2 ft. long is hung up at one end. Its 
length would be doubled by a steady pull of 6 lbs. wt. A 
wt. of 3 lbs. is hung to the lower end and let go. Find how 
far it falls before first coming to rest, and the time of a 
complete oscillation. 

18. Two unequal weights are hanging together at one 
end of an elastic string, and one of them falls off. Show 
that the other will perform simple harmonic oscillations 
or not according as the one which falls off is the lighter or 
the heavier of the two. 

19. If a body of mass m executing S. H. M. make n 
complete oscillations per sec., show the difference of its 
K.EI. when at the centroi and when at a distance x from the 
centre, is given by 

20. A smooth airless tunnel is bored tlfrough a diameter 
of the earth. Find the time taken by a particle to slide 
through it, and the speed at the centre. 

16 
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21. A flat plate oscillates vertically through a distance 
of 4 inches. Find the greatest number of vibrations per 
minute so that a particle resting on it is not jerked off. 

22. A particle executes S.H.M. along the line AB, If C 
divides AB in the ratio 3:1, show that the particle takes 
twice as long to describe as to describe CB. 


Answers 


1 . 

10 n. 

per sec. ; ir secs. 

2. 

i (s/3v, 4 V. 

3. 

4. 

99-3 

8. 4400 ft. 

9. 

8643 : 8639. 

10. 

17. 

2 ft. ; 

4 

20. 

42 min. ; 26000 

ft. /sec. 

21. 

30s/(6j)/ir. 






UNIVERSITY PAPERS 
Calcutta University 
1941 

1. Define velocity of a moving point relative to another moving 
point. If the absolute velocities of two moving points are given, show 
how to determine the velocity of one relative to the other. 

To a cyclist travelling at 8 miles per hour due east, the wind 
appears to come from the north-east ; but when he travels north-east 
at the same speed, it appears to come from the north. Find the true 
•direction and velocity of the wind. 

2. State Newton’s Laws of motion, and prove the formula P—rrf, 

A smooth inclined plane, whose height is one half of its length, 
has a small smooth pulley at the top, over which a string passes. To 
one end of the string is attached a mass of 22 lbs. which rests on the 
•plane, while from the other end which hangs vertically, is suspended 
a mass of 14 lbs., and the masses are left free to move. Find the 
acceleration and the distance traversed from rest by either mass in 
two seconds. 

8. Two smooth spheres of masses nii and m,, moving with 
velocities and respectively in the same direction, impinge 

•directly. If e be their coefficient of restitution, find their velocities 
after impact. 

If the two spheres are perfectly elastic and of equal nesses, prove 
»that their velocities will be interchanged by impact. 

4 . A particle is projected from a horizontal plane with a velocity 
at an angle a with the plane. Find the position of the particle 

after t seconds, and its direction of motion in this position. 

Particles are projected simultaneously with velocities of magnitude 
V from a given point in different directions in the same vertical plane. 
Trove that after t seconds they will lie on a circle, 

5. Explain the terms 'Kinetic Energy’ and 'Potential Energy’. 

A particle is falling under gravity. Show that the sum of its 
Kinetic and Potential Energies at any instant is constant. 

A heavy particle is moving in a vertical plane along a smooth 
•circular tube of radius r, ii^ply the Principle of Energy to find thc^ 
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velocity of the particle in any position, if its velocity at the lowest' 
point is V, 

6. Define ‘Work*. Find the work done in raising a heavy body 
of weight ITlbs. through a height ft. vertically. 

• 

Calculate the Horse-Power of an engine which takes 15 minutes to- 
pump out water from a cylindrical well of cross-section 120 sq. ft. 
and of depth 90 ft. to a level ground 14 ft. above the surface of the: 
well. 


1942 


1. Prove the formula 

=tt*4-2/s 

for motion of a particle in a straight line with uniform acceleration /. 

A bullet passes through a wall 9*6 inches thick and its velocity 
changes from 1200 to 800 ft. /sec. thereby. Find the time required 
bf the bullet to pass through the wall and the velocity when half the 
wall is penetrated. 

2. State Newton’s second Law of Motion, and prove the formula. 


P*m/. 

A pulley carrying a total load W hangs in a loop of a cord which, 
passes over two fixed pulleys, and has unequal weights P and Q freely 
suspended from its ends, each segment of the cord being vertical.. 
Shew that W will remain at rest provided 


3. Prove that the path of a projectile in vacuo is a parabola. 

A fort is on the top of a hill of height h above sea-level. Prove that- 
the greatest horizontal distance at which a gun in a ship can hit the 
fort is 

2s/ir^h) 

where tj'lgk is the mu 2 Msle velocity of the shot. 

4 . A particle describes a circle with uniform speed. Find its- 
acceleration in direction and magnitude. 

At what angle must a cyclist incline his machine to the vertical 
so that he may keep himself on to a circular path of radius 121 feet, 
when running at a uriform speed of 7*6 miles per hour ? 

[ Take a-82 ft./8eo®.i 

Ifeflne the terms Impulse and CoejBMent df restitution. 



CALCUTTA UNIVERSITY PAPERS 


245 


An imperfectly elastic particle is projected from a point in a 
Iborizontal plane with velocity V at an elevation a. If e be the co- 
eihcient of restitution, shew that it ceases to rebound from the 
plane at the end of time 

2V sin-g 

6. Define the angular velocity of a moving point about a given 
point. 

A particle is describing a circle of radius r with constant speed v. 
If (0 be the angular velocity of the particle about the centre, prove 
that 


v = wr. 

A rod OA is rotating about its extremity O with angular velocity 
■to, and carries a rod AB which is rotating about A with angular 
velocity w'. Shew that the magnitude of the absolute velocity of the 
ipoint B at any moment is 

cos 0 

where OA = a, AB = b, and Z^OAB-0. 


1943 

1. Define the terms : — Velocity, angular velocity, relative 
•velocity. 

A person travels due east at the rate of 4 miles per hour and 
observes that the wind seems to blow directly from the north ; he then 
doubles his speed and the wind appears to come from the north-east. 
Determine the direction and velocity of the wind. 

2. Show that the distance traversed by a body in the nth second 
of its motion is 7^ + J(2n— 1)/, where u denotes its initial velocity and 
/uniform acceleration per sec*. 

A bullet fired into a target loses half its velocity after penetrating 
8 inches. How much farther will it penetrate ? 

8. Find the range of a projectile on a horizontal plane and also the 
iime of flight, 

A body is projected at an angle a to the horizon, so as just to clear 
two walls of equal height a, at a distance 2a from each other. Show 

that the range is equal to 2a cot ~ • 

4 . (i) The time that a body &kes to slide down any smooth chord 
passing through the highest point of a circle in a vertical plane, is 
•constant. Prove this. 
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(ii) A man weighing 12 stone is descending a lift with accelera- 
tion 8 ft. per second per second. Find the thrust of his feet on tho 
floor of the lift. Calculate the same when he is ascending with the 
same acceleration. What would happen to this thrust if the chain of 
the yft broke ? 

5. (a) Two smooth spheres whose coefficient of elasticity is e and 
masses m and w/ move in the same direction with uniform velocities v 
and v' respectively and impinge directly. Find their velocities after 
impact and also the impulse of the blow. 

(6) A ball is dropped vertically from a height h : the coefficient 
of restitution between the ball and the floor is (?. Find the total space 
described by the ball before coming to rest. 

6. Define the terms potential energy and kinetic energy, 

A particle of mass m falls from a height of h ft. above the ground. 
Determine the potential and kinetic energies at any moment of its 
motion and shew that their sum is constant. 

€ Masses m and 2w are connected by a string which passes over a- 
smooth pulley. The ascending body picks up a mass m at the end ol 
3 seconds. Find the resulting motion. 


1944 


1, Prove the formula 

for motion of a particle in a straight line with unitorm acceleration /. 

A man in a lift which is rising with uniform acceleration /, throwa 
a ball vertically upwards with a velocity v ft. per sec. relatively to the 
lift, and after t seconds he overtakes it. Prove that 


c 



2. A light inextensible string passes over a smoc/th small light 
pulley and carries at its extremities two masses mi and m, which hang 
freely. If > w, , find the acceleration of the system and the tension 
of the string. 


Two weights W and W are connected by a light string passing 
over a light pulley. If the pulley moves vertically upwards with an 
acceleration equal to that of gravity, shew that the tension of the- 

4TrTr' 

Tr+ w"' 


c « 

8. Define Impulse of a force and prove that the change of momen- 
tnm of a particle in a given time is equal to the impulse of the force 
which produces it. * 
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How far must a weight of 5 cwt. fall freely to drive a pile weighing 
640 lbs. 3 inches into the ground against an average resistance of 5 tons^ 
assuming the weight moves on with the pile ? 

4. A particle is describing a circle of radius r with constant speed 
Vy find its angular velocity about the centre. • 


A string whose length is I passes through a heavy ring and has its 
ends attached to two points, distant a apart in the same vertical line. 
Shew that when the ring rotates in a horizontal circle, the portion of 
the string between the ring and the lower point of support will bo 
horizontal if the angular velocity « is given by 


-.2g- 




5. Prove that the kinetic energy of a particle of mass, m moving 
with a velocity v is iwu*. Shew that in motion of a particle in a 
straight line under a uniform force, the increase of kinetic energy is 
always equal to the work done by the impressed force. 


Find the Horse Power of an engine which can project 10,000 lbs. 
of water per minute with a velocity of 80 ft. per second. * 


6. A particle is projected horizontally from the top of a tower. 
Prove that its path is a parabola. 


A body is projected so that on its upward path it passes through a 
point X ft. horizontally and y ft. vertically from the point of projection. 
If i2 ft. is the range on the horizontal plane through the point of 
projection, shew the angle of elevation of the projection is 


tan”*^ “ 


n 



1945 

1. Two points P and Q are moving with velocities u and v respec- 
tively along two straight lines inclined at an angle a. Find the magni- 
tude and direction of the relative velocity of Q with respect to P in 
terms of v and a. 

A steamer is travelling due east at the rate of u miles per hour. 
A second steamer is travelling at 2u miles an houe in a direction d 
north of east and appears to be travelling north-east to a passenger on 
the first steamer. Prove that 

sin"‘f. 

2. A particle is moving in a straight line vpth uniform accelera- 
tion /. If it starts with an initial velocity u and attains the velocity 
V after travelling a distance a, prove that (i) v^>==u^+2fs\ and 
(ii) average velocity* actual velocity at half time. 
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A particle starting from rest moves in a straight line, first with 
uniform acceleration a, and then with uniform retardation 6. If it 
comes to rest in time t measured from the beginning after having 
described a space s, prove that 



3. State Newton’s Laws of Motion and obtain the formula 

P=m/. 

Two weights P and Q are connected by a string ; P hangs verti- 
cally and draws Q up a smooth plane inclined to the horizon at an 
angle a, the string passing over a pulley at the top of the plane. Find 
the acceleration of P and the tension of the string. 

4. A particle is projected with velocity v at an angle a with the 
horizon. Calculate the range R on the horizontal plane through the ‘ 
point of projection, the time of flight being T, and the maximum height 
n attained by the particle. 

• Prove that T and H can be obtained from the equations 
and «0. 

5. A particle of mass m describes a circle of radius r with uniform 
speed V, Find its acceleration. 

A point P describes a circle of radius a, centre 0, with uniform 
angular velocity cii ; show that a point Q which describes a diameter 
AOB of the circle so that PQ is always perpendicular to AOB, moves 

from the middle point of OA to the middle point of OB in time 


6. Two scheres of masses M and m moving with velocity U and 
u respectively in the same direction impinge directly. Find their 
velocities just after impact, e being the coefficient of restitution. 

Prove that the loss of Kinetic Energy due to impact is 




Mm 

M+m 


(U-u)\ 


1946 

1. Prove the formula fot motion of a point in a 

straight line with a uniform acceleration /. 

A particle moving in a straight line with a unlforin acoeleratiou is 
observed to be at distances a, b, c, d from a •iharked ]^lnt of the line 
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at time ^=0, n seconds, 2n seconds, 3n seconds respectively, 
that 

(а) rf--a = 3(c“6) ; 

( б ) the initial velocity **^— — - I 

291 

and (c) the acceleration 


n‘ 


Prove 


2. Two masses P and Q, joined by a light inextcnsible string pass- 
ing over a light smooth fixed pulley, move under gravity. If P '> Qy 
find their acceleration, the tension of the string, and the pressure on 
the pulley. 

A light string passes over a light fixed pulley ; it carries a mass P 
at one extremity and a light pulley at the other. Another light string 
passes over this second pulley, carrying masses R and Q at its extre- 
mities. If the system starts from rest, prove that R always remains 
at rest if 


P Q 


3 

P* 


[ Parts of strings not in contact with pulleys are supposed to be 
vertical. ] 

3. A baloon is rising with acceleration f. Prove that the fraction 
of the weight of the baloon which must be emptied out in the form of 
sand in order to double this acceleration is //( 2 /+ < 7 ), assuming the 
upthrust of the air to remain unaltered and neglecting air resistance. 

A gun of total mass M tons, free to recoil horizontally, fires a shot 
of mass m tons. If the gun is fired with the barrel inclined at an 
angle a to the horizontal, prove that the shot is actually projected at an 
angle 

tan"^ horizontal. 


4. Prove that the equation of the path of a projectile in vacuo may 
be written in the form 


2 / = ® tan - ^ 
where B is the horizontal tange. 

The angular elevation of an enemy’s position on a hill s ft. above 
the gun poaition is jS. Show that in order to shell it the projectile’s , 
velocity must not be less than 

\/pi(I+co8eo jS). 

5. An imperfectly elastic particle moving with a velocity u 
impinges on a fixed smooth plane at an angle a with the normal to the 
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plane. Calculate the loss of Kinetic Energy due to impact. Show that- 
the impulse of the blow is 

viu(l +e)cos a 

where* m = the mass of the particle and <? = the coefficient of restitu- 
tion. 

A sphere impinges obliquely on another sphere at rest. If the two 
spheres are smooth, perfectly elastic, and equal in mass, prove that 
they move at right angles after impact. 

6. State the ‘Principle of Energy’ and verify it for a uniformly 
accelerated motion of a particle in a straight line. 

A heavy particle of mass m is free to move in a fixed smooth vertical 
circular tube of radius a. The particle is projected with a velocity V 
from the lowest point A of the tube and just reaches the point B. 
Show by applying the principle of energy that 

Show that the pressure R of the tube and the velocity v of the 
particle when at a height z above A , are given by 

= I and —2gz. 
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1. (a) State and prove the theorem of the Parallelogram of 
accelerations. 


( 6 ) Two points move in the same straight line starting at the 
same moment from the same point in it ; the first moves with 
constant velocity u and the second with constant acceleration /. 
During the time that elapses before the second catches the first, 


show that the greatest distance between the particles is 57 at the " 

2 / 


end of time j from the start. 


2, (d) Show that the time that a body takes to slide down ‘any 
smooth chord of a vertical circle, which is drawn to the lowest point of 
the circle, is constant. 


(b) A body is projected vertically upwards with velocity w, 
and t seconds afterwards another body is similarly projected with the 
same velocity. Find when and where they will meet. 

3. (a) State Newton’s Laws of Motion. Prove that P«m/, and 
establish the connection between the unit of force and the weight of 
the unit of mass. 

(b) A bullet moving at the rate of 200 ft. ,per second, is fired 
into a trunk of wood into which it penetrates 9 inches. If a bullet, 
moving with the same velocity, were fired into a similar piece of 
wood 5 inches thick, with what velocity would it emerge?, supposing the 
resistance to be uniform ? 


4 . (a) Find the range of a projectile on a horizontal plane and the 
time of flight. 

(b) A cannon ball has a range P on a horizontal plane. If 
h and h, are the greatest heights in the two paths, for which it 
is possible prove that, 

5. (a) A smooth sphere of mass m impinges directly with 
velocity u on another smooth sphere of mass m' moving in the 
same direction with velocity If the coeffidient of restitution be e, 
find their velocities after the collision. 

(h) An inelastic ball of mass 13 lbs. moving with a velocity 



1252 


INTERMEDIATE DYNAMICS 


of 87 foet per second, impinges directly on another inelastic ball 
of mass 16 lbs. at rest. Find the loss of kinetic energy in 
foot-pounds. 


1942 (Annual) 

1. (a) Define Velocity, and explain how the velocity of one 
body relative to another can be determined. 

(6) At a given instant one steamer A is 10 miles west of 
another steamer B, A travels east at the rate of 12 miles per hour, 
and B north at the rate of 16 miles per hour. Find how near 
they approach. 

2. (a) Investigate the motion of a body under gravity down a 
smooth inclined plane. 

(6) A plane is of length 288 feet and of height 64 feet. Show 
how to divide it into three parts, so that a particle at the top of the 
plane may describe the portions in equal times. 

}. (a) Define Energy, and show that for a body falling freely 
under gravity the sum of its kinetic and potential energies is constant* 
throughout the motion. 

^ (5) A bullet, of mass 2 ounces, is fired into a target with a 
velocity bf 1280 feet per second. The mass of the target is 10 lbs, 
and it is free to move. Find the loss of kinetic energy by the impact 
in foot-pounds. 

4 . (a) Show that with a given velocity of projection, there are 
tor a given horizontal range in general two directions of projection, 
which are equally inclined to the direction of a maximum projection. 

(6) A shot is fired from a gun on the top of a cliff, 400 feet high, 
with a velocity of 768 feet per second, at an elevation of 30®. Find 
the horizontal distance of the point where the shot strikes water 
from the vertical line through the gun. 

5. (a) If a particle describes a circle of radius r with uniform 
speed v, show that its acceleration is directed towards the centre 

T 

of the circle. 

(6) A sphere impinges directly on another sphere at rest, the 
coefiioient of restitution is e ; the final velocity of the second sphere 
is equal to the initial velocity of the first. Prove that the masses of 
the spheres are in the ratio 1 : e. 

1048 (Annual) 

1. (a) Explain the ^dea of relative Velocity, and show how in 
the case of two moving particles the velocity of one relative to another 
is to be found. « 



PATNA UNIVERSITY PAPEBS 


253: 


(5) A ship steaming north at the rate of 1 m. p. h., observes 
a ship due east of itself and distant 10 miles, which is steaming due 
west at the rate of 16 m.p.h. After what time are they closest to 
each other, and what is the distance then ? 

2. (a) Establish from the fundamental ideas the fcvmula- 
for uniformly accelerated motion along a straight line. 
Prove that for such a motion 



where s is the space described in t secs, and s during the next t' secs. 

8. State the three laws of motion given by Newton and show tho 
second law gives the way of measuring force. 

A shot of 180 lbs. is discharged from a 12 ton gun with a velocity 
of 1260 ft./sec. Find the constant pressure which would be required 
to stop the recoil of the gun in 6 ft. 

4 . Find the velocity and direction of projection of a shot whjeh 
passes in a horizontal direction just over the top of a wall which is 
50 yds. of! and 75 ft. high. 

5. Show that if two equal perfectly elastic spheres impinge 
directly, then they interchange their velocities. 

A ball dropped from a height h, upon a horizontal plane, 
bounces up and down. If the coefficients of restitution be e, prove 
that the whole distance traversed before it comes to rest, is 

Mi+O/U-c*)- 

1944 (Annual) 

1 . (a) Prove that the distance described in the second of its 
motion by a particle moving with a uniform acceleration / is 

u + ^ — l)j u being the initial velocity. 

(5) A particle falling freely under gravity describes 80 ft. in 
a certain second. What distance does it describe in the next second ? 

2. (a) Define kinetic energy. Prove that the change in K.E. of a^ 
particle moving with uniform acceleration is equal to the work done 
on it. 

(5) A bullet of mass 4 oz. is moving with a. velocity of 1200 feet 
per second. Find the uniform force which would stop it in one 
second. 

8. (a) Two particles of mastes lUi and ai% connected by a lights 
inextensible string which passes over a small smooth fixed pulley. 11 
fni >fnat find the resulting acceleration and the tension of the string.. 
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{h) A mass of 6 lbs., desoending vertically, draws up a mass of 
3 lbs. by means of a string passing over a pulley ; at the end of 
’6 seconds the string breaks ; find how much higher the smaller 
mass will go. 

4. /a) A particle is projected with a velocity u making an angle a 
with the horizon. Find its velocity after H* seconds. 

(6) A stone is thrown horizontally, with velocity J2ghf from the 
( top of a tower of height *h\ Find where it will strike the level ground 
through the foot of the tower. 

5. (a) Find the acceleration of a particle describing a circle of given 
radius with uniform speed. 

(6) A sphere impinges directly on an equal sphere at rest ; if the 
coefficient of restitution be e, show that their velocities after the impact 
are as 1-e : l+e. 


1945 (Annual) 

1. (a) State and prove the parallelogram law of accelerations. 

^ (h) From the bottom of a cliff 400 ft. high a stone is thrown 

vertically up with a velocity that would carry it just to the top. After 
a second another stone is dropped from the top. When and where will 
>the two meet ? 

2. (a) Establish the formula P=^mf. 

(6) Find the constant force necessary to move a train of mass 
150 tons up an incline of 1 in 200 through half a mile in a minute, 
starting from rest, the resistance due to friction being 12 lbs. weight 
per ton. 

3. (a) A body is falling under gravity. Show that the sum of the 
K.E. and F.E. at any moment is constant. 

(h) A Wllet moving with a velocity of 1000 ft./seo. passes 
successively through two planks of unequal thickness, and loses a 
velocity of 200 ft./sec. in penetrating each plank. Compare the 
thickness of the two planks which offer the same average resistance. 

4. (a) Explain how to obtain velocities after direct impact of two 
elastic spheres moving in the same straight line. 

(b) After a vertical fall on a horizontal floor a body goes on 
rebounding. Show that the heights to which it rises in two consecu- 
tive rebounds are as 1 : e being the coefficient of restitution. 

5. (a) After what time will a body projected at any angle be at a 
f given height ? Explain the double answer. 

’{b) A body projected with the same velocity at two different 
angles covets the samechorizontal range IS. be the two times 

•of flight, prove that 12 i 
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1 . A mass of 5 lbs. impinges directly on a mass of 10 lbs. which is 
at rest, with a velocity of 12 ft. per second, and is observed to recoil 
with a velocity of 1 ft. per second. Find the coefficient of elasticity 
and the energy lost in the impact. \ 

2. (a) A particle is projected with a given velocity in a given direc- 
tion ; show that its path is a parabola. 

(6) A ball is thrown from the top of the Qutab Minar 200 ft. 
high with a velocity of 80 ft. per second at an elevation of 30® above 
the horizon. Find the horizontal distance from the foot of the Minar 
to the point where it hits the ground. 

3. Show that the time a body takes to slide down any smooth 
chord of a vertical circle which is drawn from the highest point of the 
circle, is constant. 


If a chord is drawn from one end of a horizontal diameter to any pt. 
of the vertical circle, show that the time that a particle would take in 
sliding down that chord would vary as the sq. root of the tangent of the 
angle of inclination of the chord to the vertical. 

4 . Explain what you understand by ‘Eelative Velocity*. A person 
going eastward with a speed of 4 m.p.h. finds that the wind appears 
to blow directly from the north. He doubles his speed and the wind 
seems to come from N.E. In what direction and with what velocity 
is the wind blowing ? 

6. (a) Find the velocity of a 4 lb. shot that will ^ust penetrate 
through a wall 10'' thick, the resistance being 42 tons. 

(5) A mass of 3 lbs. is shot vertically upwards so as to rise to a 
height of 26 ft. Find its initial kinetic energy in foot poundals. 

6. Prove the formula v* « w* +2/s, in the usual notation. 


For ^ of the distance between two stations a tra\n is uniformly 

accelerated and for of the distance it is uniformly retarded ; it 

starts from rest at one station and comes to rest at the other. Prove 
that the ratio of its greatest velocity to its averse velocity is 




1 . 
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1. Prove the formula 2/s, for motion of a particle in a 

straight line vrith uniform acceleration. 

A ]pullet moving with a velocity of 1,200 ft. per sec. has its velocity 
reduced to ^ne-half after penetrating one inch into a target. Assuming 
the resistance to be uniform, how far will it penetrate before its 
velocity is destroyed ? 

2. (a) A stone is dropped into a well and reaches the bottom with a 
velocity 96 ft. per sec., and the sound of the splash on the water 
reaches the top of the well in secs, after the stone is released ; find 
the velocity of sound. 

(5) A heavy particle slides down a smooth inclined plane of given 
height ; show that the time of descent varies as the secant of the 
inclination of the plane to the vertical. 


8. State lTewton*s Second Law of Motion, and deduce the formula 
P=m/. 

'a pulley carrying a total load W hangs in a loop of a cord which 
passes over two fixed pulleys, and has unequal weights P and Q freely 
suspended from its ends, each segment of the cord being vertical. Show 

114 

that W will remain at rest provided -p g ” 


4. A particle is projected with a velocity u at an angle a with the 
horizontal ; find the range on the horizontal plane through the point 
of projection. 


If B be the horizontal range and T be the time of flight, show that 


tan a 


2P* 


5. Define ^^he terms * Impulse’ and ‘Coefficient of restitution.* 

A heavy elastic ball is dropped from the ceiling of your class room^ 
and after rebounding twice from the floor it reaches a height equal 
to one-half that of the ceiling ; show that the coefl. of restitution is 



6* Explain what you understand by ‘Relative Velocity.’ 

While a sedan car moved slowly amidst traffic at the rate of 6 miles 
per hour, a pistol shot entered the corner of a window farthest from the 
^engine behind the chauffeur at an angle tan'^tV the length of the 
car and struck the diagonally opposite corner of the door on the left 
of the chauffeur. The horizontal distance between the corners in ques- 
tion is 9 ft. and the width of the oar is 5 ft. Find the velocity of the 
shot iihd the time it took to go throtsgh the car. 
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1944 

1. (a) Enunciate the Laws of Impact of two bodies colliding in any 
manner. 

(b) A smooth sphere impinges on another one at rest. ^Bhow 
that if they are of equal masses and perfectly elastic, their directions 
of motion after impact will be at right angles. ^ 

2. (a) A particle is projected with a given velocity in the horizontal 
•direction. Show that its path in vacuo, is a parabola with its vertex 
at the point of projection. 

(6) A projectile is fired horizontally from the top of the Madhab 
Kao Dharhara with a vel. of 128 ft. per second. It hits a mark on a 
boat in the Ganges when it is at a horizontal distance of 512 ft. from 
the Dharhara. Find the height of the Dharhara above the level of the 
Oanges, the resistance of the air being negleoted. Hence also show 
that the focus of the trajectory is at the base of the Dharhara on the 
level plane of the Ganges. 

3. (a) Define Horse Power, Limiting friction. Coefficient of frict'pn, 
angle of friction, and cone of friction. 

(6) Find the h. p. of an engine which can travel at the rate of 
25 miles an hour up an incline of 1 in 112, the mass of the engine and 
the load being 10 tons and the resistances due to friction, etc. being 
10 lbs. weight per ton. 

4. (a) Provo v*«m*+2/s, for a uniformly accelerated motion. 

{b) Deduce P=iii/, stating carefully the law from which it is 
deduced. 

(c) A mass of 10 lbs. falls 100 ft. from rest and is then brought to 
rest by penetrating 10 ft. into some sand ; find the average thrust of 
the sand on it. 

5. (a) Enunciate and prove the triangle law of vectors, stating its 
•converse also. 

(5) To a man walking at the rate of 2 miles an hour the rain 
appears to fall vertically ; when he increases his speed to 4 miles an 
hour it appears to meet him at an angle of 45^. Find the real direction 
and the speed of the rain. 


1945 

1. (a) Explain what is meant by relative motion. Show by means 
of diagrams, howto find the relative velocity of one particle with 
respect to a second. 

(b) A man can swim diseotly across a str4hm of width l60 yds. 
in 4 mins, when there is no current, and in 0 mins, when theiSs ie 
current. Find the velocity of the currents 

17 
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2. (a) Show that the time taken by a body to slide down any smooth 
chord of a vertical circle, which is drawn from the highest point of the- 

circle, is constant. 

ih) Two particles move from the same point A along the same 
lino Ab, one with uniform velocity w, and the other with uniform 
acceleration /and no initial velocity. Find when the second overtakes- 
the first, and show that the greatest distance between the particles is- 

^ and at the end of time ^ • 

3. (a) State and explain. Newton’s Laws of Motion. 

(6) A body, of mass in lb., is placed on a horizontal plane which* 
is in motion with a vertical upward acceleration / ; find the reaction* 
between the body and the plane. 

(c) A man weighs 11 stone in a spring balance, his true weight- 
beipg 13 stone. Find the acceleration of the spring balance. 

4. (a) A smooth sphere, of mass 3f, impinges directly with velocity 
U 4n another smooth sphere, of mass m, moving in the same direction 
with velocity u. If the coefficient of restitution be e, find their 
velocities after impact. 

(b) A ball of coefficient of restitution e drops /rom a height h on* 
a horizontal floor. Find the whole distance travelled before it finishes 
rebounding. 

5. (a) Find the range on the horizontal plane and the time of flight- 
of a body projected with a velocity of *u^ ft. per sec. at an angle a to* 
the horizontal. 


(6) Two particles are projected simultaneously, one with velocity 
up a smooth inclined plane at an angle of 30 ' lo the horizon, and the 

other with velocity at an elevation of 60°. Show that the- 

particles will be relatively at rest at the end of ~ secs, from the 
instant of projection. 


1946 

1. (a) The height of the lowest storey of an American skyscraper is 
60 ft* A stone dropped from the top of the building was observed ta 
r cross the lowest storey in a quarter of a second. Find the total height 
of the skyscraper. 

. ( 6 ) AB is the Vertical diameter* of a circle, whose plane ie- 
vertical, and PQ a diameter inclined at an angle B to AB. Find 0 so- 
that the time of sliding down PQ may be twice that of sliding down^ 
AB. 
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2. Two masses rui and are connected by a light inoxtensible 
string passing over a fixed smooth pulley. If vii find the 

resulting motion and the tension of the string. 

A mass of 3 lbs. descending vertically, draws up a mass of 2 lbs. by 
means of a light string passing over a pulley ; at the end of 5 seconds 
(the string breaks ; find how much higher the 2 lbs. mass will go. 

8. Define “work” and ^‘onergy’* and establish the energy equation. 

A labourer has to supply bricks to a bricklayer, vertically above 
him, at a height of 16 ft. Ho throws them up so that they reach the 
bricklayer with a velocity of 16 ft. per sec. What portion of his work 
would be saved if he threw them so that they may just roach the 
bricklayer ? 

4. Prove that the path of a projectile in vacuum is a parabola. 

A cricket ball, thrown from a heigh of 6 ft. at an angle of 80® with 
the horizon with a speed of 60 ft. per sec., is caught by another 
fields man at a height of 2 ft. from the ground. How far apart were 
the two men 7 t 

5. Two smooth spheres of masses nii and w,, moving in the same 
•direction with velocities W| and u-j, impinge directly. If the coefficient 
of restitution be “e”, find their velocities after impact. Find also the 
impulse of the blow on either of them. 

A sphere impinges directly on another sphere at rest and is reduced 
to rest by the impact. If “e” be the coefficient of restitution compare 
their masses. 

6. Explain what you understand by “Relative Velocity*’. 

A railway train is moving at the rate 28 miles per hour, when a 
fistol shot strikes it in a direction making an angle sin'^i with the 
train. The shot enters one compartment at the cornw furthest from 
the engine and passes out at the diagonally oppoSte corner ! the 
compartment (coupe) being 8 ft. long and 6 ft. wide, show^ th^it the 
shot is moving at the rate of 80 miles per hour and traverses the 
carriage in /:(ths of a sebolid. 
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1. (a) A particle moves in a straight line under a constant 
acceleration f. If it starts with a velocity u, prove the formula 

and find the space described in the nth second. 

(5) Find the height to which a particle will rise, if it bo projected 
vertically upward from the surface of the moon with a velocity of 40 ft. 
per second, if the acceleration of a falling body at the moon’s^ 

surface be 

^ind also the time when it will be moving up with a velocity of 
1 foot per second. 

2. Two particles, of masses and are connected by a light 
inextensible string which passes over a small smooth pulley. If m, 
be > ntf, find the resulting motion of the system, and the tension of 
the string. 

A mass of 8 lb., descending vertically, draws up a mass of 2 lb. 
by means of a light string passing over a smooth pulley ; at the end of 
5 seconds the string breaks ; find how much higher the 2 lb. mass- 
will go, 

8. (a) Prove that the sum of the potential and the kinetic 
energies of a mass falling under gravity is oonstant throughout th& 
motion. * 

(h) One ship is sailing south with a velocity 15^2 miles per 
hour, and another south-east at the rate of 15 miles per hour. Find 
the apparent velocity and direction of motion of the second vessel to 
an observer on the first vessel. 

4 . (fl) A particle is projected with a velocity u at an elevation a. 
Find the equation to the path of the projectile, 

(5) A cannon ball is shot horizontally from the top of a tower 
( 49 ft, high, with a velocity of 2,CX)0 ft. per sec. Find at what 
distance from the foot of the tower the cannon ball will strike tho 
ground. o 

5. (a) Two smooth spheres of masses m and ffi' and moving with 
velocities u and u' respectively impinge directly. Find their velooitiea 
after the impact, If a be the coefficient of restitution. 
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(6) A particle falls from a height h upon a fixed horizontal 
plane ; if e be the coefficient of restitution, show that the whole 
distance described by the particle be ore it has finished rebounding is 


1943 


1. (a) Prove the formula? 

(i) v — (ii) + 

(&) A particle falls from rest and in the last second of its 
fall passes through 224 feet. Find the height from which it fell and 
the time of its fall. 

2. (a) Enunciate Newton’s Laws of Motion, and show how the 
method of measuring force is deduced from the second law. 

*> 

(b) Two masses, each equal to m, are connected by a light 
stxing passing over a smooth pulley. What mass must be taken from 
one and added to the other, so that the system may describe 200 feet 
in 5 seconds ? 

3. (a) Two trains, each' 200 feet long, are moving towards each 
other on parallel lines with velocities 20 and 80 miles per hour 
respectively. Find the time that elapses from the instant when they 
first meet until they have passed each other. 

(b) Find the work done by gravity on a stone having a mass of 
^ lb. during the tenth second of its fall from rest. 

4. (a) A particle is projected with a velocity u at an inclination 
a ; find the range on the horizontal plane and the gi%atest height 
attained. 

(6) A projectile is fired horizontally from a height of 9 feet from 
the ground and reaches the ground at a horizontal distance of 1,000 ft. 
Find its initial velocity. 

5. (a) A ball, of mass 8 lb. and moving with velocity 4 feet per 

second, overtakes a ball, of mass 10 lb., moving with 'velocity 2 feet 
per second in the same direction ; if find the velocities of the 

balls after impact. 

(6) A particle falls from a height h upon a fixed horizontal 
plane : if s be the coeificient of restitution, sjj^ow that the time that 
elapses before it ceases to reboiftid is 

1+4 /-s/iy 

1-eV r 
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1. (a) Prove the formula v’ + 2 / 5 . 

(h) A train is moving with speed of 45 miles per hour, and the 
brakes produce a retardation of 4 ft. /sec At what distance from a 
station should the brakes be applied, so that the train may stop at 
station ? If the brakes are put on at half this distance, with what 
speed will the train pass the station ? 

2. (a) If two masses m, m are connected by a string whose mass 
•can be neglected passing over a fixed smooth pulley ; hnd the tension 
of the string. 

(6) Two bodies, of mass 2 lb. and 30 lb. respectively, lie on a 
smooth horizontal table whose height above the floor is 27 inches. 
The bodies are connected by an inextensible string whose length is not 
less than 27 inches, and, when the string is taut, the smaller mass is 
•dropped through a hole in the table. Find the time that elapses before 
it reaches the ground. 

* 3. (a) Prove that the path of a projectile in vacuum is a parabola. 

(h) An aviator at a height of 2,000 ft. drops a bomb when 
travelling horizontally at 60 miles per hour. How far must he be 
horizontally from the object he wishes to hit ? 

4. (a) Define the terms work and energy, and establish the energy 
equation. 

(5) A labourer has to supply bricks to a bricklayer, vertically 
above him, at a height of 12 ft. He throws them up so that they 
reach the bricklayer with a velocity of 12 ft. per see. What propor- 
tion of liis work could he save if ho threw them so that they may just 
reach the bricklayer ? 

5. (a) A |,train moving at the rate of 30 miles per hour is 
struck by a stone, moving at right angles to the train, with a velocity 
of 38 ft. per second. Find the velocity with which the stone appears 
to strike the train. 

(b) The masses of 5 ballsy equal in size, at rest form a 
geometrical progression whose common ratio is 2, and their coefficient 
of restitution is i in each case. If the first ball be started towards 
the second with velocity ti, find the velocity communicated to the 
fith ball. 

1945 

^( 4 ) Prove the formula /<•. 

■ • • • 

. (6) A bod^ falling from rest under gravity passes a certain 
.pMiit with a velocity of It. per second. Where was it 2 seconds 
previously, and where will it be 2 iedonds later ? 
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2. (a) Enunciate Newton’s Laws of Motion, and explain how 
carriage drawn by a horse moves on a level road. 

[b) Two weights are connected by an inelastic string passing 
over a smooth pulley, and one weight is 3 times the other. After 
2 seconds from rest, the descending weight is suddenly stopped* and 
immediately allowed to fall again. Find the time that elapses before 
the string becomes tight again. 

8. (a) Show that the sum of the kinetic and potential energies. 
of a particle falling from rest is constant throughout the motion. 

(b) A railway Wagon weighing 10 tons is started from rest by a 
horse, which exerts a constant pull of 120 lbs. weight. The frictional 
resistances are 9 lb. weight per ton. How far does the horse move the 
wagon in one minute, and at what h. p. is the horse working ptt the- 
end of the minute ? 

4 . (a) A particle is projected with a velocity w, inclined at an^ 
angle a to the horizon. Find the range on the horizontal plane and* 
the time of flight. Also find for what value of a this range will be- 
maximum. 

(6) A stone is thrown with a velocity of 80 ft. per sec. at an 
elevation of 45®. With what velocity must a second stone be projected 
vertically upwards from the same pointy so that both may rise to the 
same height ? 

5. (a) Two smooth spheres of masses w and m' moving in the 
same direction with velocities u and u' collide. If e be the coefficient- 
of restitution, find their velocities after impact. 

(h) Show that an elastic sphere, whose coefficient of restitution 
is 5, lot fall from a height of 16 ft. upon a fixed horizontal t^ble, will 
cease rebounding in 8 seconds, after describing 65 ft. 

1946 

1 . (a) For a particle moving with uniform acceleration show that- 
the average velocity is the mean of the initial and final velocities. 

(6) A stone is projected vertically upwards from a tower 800 ft^ 
high with a velocity of 80 ft. per second. Find the time that it takea 
to reach the ground. 

2. (a) State carefully Newton’s Laws of Motion. 

(6) A mass of 3 lbs. descending vertically draws up a mass of ^ 
2 lbs. by means of a light string passing over a pulley. At the end of 
6 secs, the string breaks. Find how much higher the 2 Ibs.^ mass- 
will go. 

8. (a) A particle is projected with a velocity u inclined at an angle^ 
a to the horizon. Find it% position at the eiid of a time t. 
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(6) A bowman aims at a bird sitting at the top of a tree 50 ft. 
high and 200 ft. off. Find the velocity with which the arrow should 
leave the bow, if the direction of projection makes an angle tan~^ } 
with the horizon. 

4g (a) Explain carefully the terms “Work” and “Horse-power’*. 

(5) A train of mass 200 tons, including the engine, is drawn 
up an incline of 3 in 500 at the rate of 40 miles per hour by an engine 
of 600 h. p. Find the resistance per ton due to friction etc. 

5. (a) Show that if two equal perfectly elastic balls impinge 
directly they interchange their velocities. 

(h) Two elastic spheres impinge directly with equal and 
opposite velocities. Find the ratio of their masses so that one of 
them may be reduced to rest by impact, the coeffioient of restitution 
being e. 

6. A point moves along a straight line with a constant acceleration. 
It the distances of the moving point from a fixed point on the line 
be aJa, «8 at the instants tj, ta, prove that the acceleration is 

q J ® <*> “ ®»)1* I 

7. A particle is projected horizontally from the top of a flight of 
stairs so that it rebounds once only from every stair. If the depths 

of the steps be a, 3a, 5a.. successively, prove that the time to 

the nth rebound is n* times that to the first rebound, the elasticity 
being perfect. 






